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ABSTRACT. I analyze mixed strategy equilibria in a Downsian model with two office-motivated
candidates in which one candidate is endowed with a sufficiently large valence advantage that a voter
might prefer this candidate even if the voter strictly prefers the other candidate’s policies. There
is a discrete one-dimensional policy space and the preferences of the median voter are uncertain. I
show that there is a range of moderate policies with no gaps that are optimal for the advantaged
candidate. There is also a range of liberal policies with no gaps and a corresponding range of
conservative policies with no gaps that are optimal actions for the disadvantaged candidate. The
upper and lower bounds on these ranges of policies vary in predictable ways with the size of the
advantaged candidate’s advantage.
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1. INTRODUCTION

One of the most standard frameworks for analyzing candidate policy selection in elections is with
a Downsian model (Downs, 1957) in which candidates simultaneously commit to policies on a known
policy space and voters vote for whichever candidate proposes the policy they like best. Such a
framework fails to take into account that candidates often possess valence characteristics unrelated
to policy selection that may be important to voters. For example, a candidate may have greater
experience in public office, a superior military background, or previous successes in improving the
economy that lead the candidate to be perceived as better equipped to handle problems in the future.
These valence characteristics may distinguish a candidate on a ‘good-bad’ dimension unrelated to

whether the candidate chooses a liberal or conservative policy.
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This paper presents a characterization of a class of equilibria in a Downsian model in which
one candidate possesses a valence advantage. I consider a model in which two office-motivated
candidates choose policies simultaneously in a discrete one-dimensional policy space. The precise
policy preferences of the median voter are uncertain, but the voter prefers the candidate with
superior valence unless the other candidate chooses a policy that is sufficiently closer to the median
voter’s ideal point. Throughout I restrict attention to cases in which the valence advantage is large
enough that a voter might prefer the candidate with superior valence even if the voter strictly
prefers the other candidate on the basis of policy positions.

I show that there is a range of moderate policies with no gaps that are optimal for the advantaged
candidate. There is also a range of liberal policies with no gaps and a corresponding range of
conservative policies with no gaps that are optimal actions for the disadvantaged candidate. The
most moderate policy guaranteed to be an optimal action for the disadvantaged candidate is less
moderate for larger sizes of the advantaged candidate’s advantage. And the most extreme policy
that is optimal for the advantaged candidate is more moderate than the most extreme policy that
is optimal for the disadvantaged candidate by an amount approximately proportional to the size of
the advantaged candidate’s advantage.

The analysis of equilibria in a Downsian model with an advantaged candidate differs significantly
from that when no candidate has a valence advantage. When there is no candidate valence, the
Downsian model predicts that office-motivated candidates will both choose policies equal to the
estimated median voter’s ideal point. But if one candidate is endowed with a valence advantage,
this result no longer holds. In fact, as long as there is uncertainty about voter preferences, pure
strategy equilibria normally fail to exist.'

To understand why, note that the candidate with a valence advantage wishes to choose the
same policy as the disadvantaged candidate so that all voters will strictly prefer the candidate
with the valence advantage and the advantaged candidate will win with certainty. Similarly, the
disadvantaged candidate wishes to choose a different policy than the advantaged candidate so that
there will be at least some chance that the voters prefer the disadvantaged candidate. Since the
disadvantaged candidate needs to prevent the advantaged candidate from being able to choose
the same policy, this candidate must employ mixed strategies. And to create incentives for the

!The only situations in which there are pure strategy equilibria are those in which one candidate’s valence advantage
is so large that this candidate wins with certainty in equilibrium. Examples of such equilibria can be found in
Ansolabehere and Snyder (2000) and Dix and Santore (2002).
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disadvantaged candidate to use mixed strategies, the advantaged candidate must also use mixed
strategies. This necessitates the analysis of mixed strategy equilibria.

To the best of my knowledge there has only been one attempt to characterize mixed strategy
equilibria in a Downsian model with candidate valence. Aragones and Palfrey (2002) consider
an analogous model to that in the present paper with two office-motivated candidates competing
in a discrete one-dimensional policy space with uncertainty about the preferences of the median
voter. However, Aragones and Palfrey (2002) focus attention on cases in which candidate valence is
minimal in the sense that voters vote for the candidate with superior valence if they are indifferent
between the policies proposed by the two candidates, but vote for whichever candidate proposes
the voter’s preferred policy otherwise.

When candidate valence is minimal, Aragones and Palfrey (2002) note that there is a mixed
strategy equilibrium in which both candidates randomize amongst a small number of moderate
policies. The advantaged candidate chooses slightly more moderate policies on average, and in the
limit as the number of points in the policy space becomes large, the candidates choose strategies
arbitrarily close to those they would use if there were no candidate valence. However, Aragones
and Palfrey (2002) also note that this type of equilibrium might fail to exist if candidate valence
is sufficiently large that a voter might prefer the candidate with superior valence even if the voter
prefers the other candidate on the basis of policy positions. I consider the form of equilibria when
a candidate’s valence advantage is large in this paper.

Though I do not characterize all equilibria in this game, my paper does give a characterization of
the optimal policy choices for the candidates that may arise in a particular equilibrium of the game.
And while I am able to derive which policies will be optimal in equilibrium, it should be noted that
I do not calculate the precise probabilities with which the candidates take various actions. Instead
I use indirect arguments to show that there will be a mixed equilibrium of a particular form. The
proof techniques used in this paper are thus entirely different from those in Aragones and Palfrey
(2002).

Other papers on candidate valence address different issues than finding mixed equilibria in a can-
didate location game when two office-motivated candidates choose policies simultaneously. Aragones
and Palfrey (2004) show that the predictions in Aragones and Palfrey (2002) are supported in an

experimental setting. Aragones and Palfrey (2005) and Groseclose (2001) analyze equilibria in



a candidate location game in which the candidates have policy motivations. Adams (1999) and
Schofield (2004) consider the effect of candidate valence on equilibria when there are multiple can-
didates. Berger et al. (2000) and Bernhardt and Ingberman (1985) consider models in which policy
choices are not known with certainty but some candidate has the advantage of a lower variance in
policy action. Ansolabehere et al. (2001), Fiorina (1973), and Stone and Simas (2007) conduct em-
pirical studies on the effect of incumbency advantages on candidate policy selection. Finally, several
papers analyze valence effects in the context of electoral contests in which campaign expenditures or
other costly actions can affect the outcome of the election (e.g. Ashworth and Bueno de Mesquita,
2009; Carillo and Castanheria, 2008; Erikson and Palfrey, 2000; laryczower and Mattozzi, 2009;
Meirowitz, 2008; Prat, 2002a; b).

While mixed strategies might seem like a slightly unnatural way for candidates to choose policies,
it is worth noting that it is fairly standard to analyze mixed strategy equilibria in such games. In
addition to work on candidate valence, several papers have considered mixed strategy equilibria in
the context of elections in which candidates choose policies in multi-dimensional spaces (e.g. Banks
et al., 2002; Duggan, 2007; Duggan and Jackson, 2005; McKelvey, 1986). And researchers have also
analyzed mixed strategy equilibria in Hotelling’s (1929) related game in which firms can compete

by choosing locations (e.g. Bester, 1996; Osborne and Pitchik, 1986; 1987; Shaked, 1982).

2. THE MODEL

[ study a model very similar to that in Aragones and Palfrey (2002). There is an election between

two candidates A and D, where A is the candidate with superior valence. The candidates choose

i—1
n—1

policies from the policy space X = {z1,...,x,}, where z; = foralli=1,...,n. Ilet x4 denote
the policy chosen by A and xp the policy chosen by D. Each candidate obtains a payoff equal to
the candidate’s probability of winning the election.

The median voter has an ideal point x,, € X. This ideal point is not observed by either candidate.
Instead, each candidate shares a common belief that the probability the median voter’s ideal point
is z; is p;, where p; > 0 for all ¢ and >, p; = 1. If A wins the election, then the median voter

obtains a utility of Uy, (z4) = 6 — |z, — x|, where 6 > 0. If D wins the election, then the median

voter obtains a utility of U,,(zp) = —|z, — xp|.
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I assume, as do Aragones and Palfrey (2002), that n is even and p; = % for all i. However, I also
note throughout the manuscript how the results would be affected by the more general assumption
that the distribution of the median voter’s ideal point is weakly single-peaked and symmetric about
the center of the policy space or p; = p,_;41 for all 2 and p; is nondecreasing in ¢ for all 7 < . Most
of the results continue to hold with virtually identical proof techniques as long as the distribution
of the median voter’s ideal point is weakly single-peaked and symmetric about the center of the

policy space.

a
n—1

I also assume that there is some positive integer a for which % << . This assumption
will hold as long as ¢ is not an integral multiple of % and is solely made to ensure that the median
voter will always have strict preferences between the two candidates. The only difference between
the model I consider and that in Aragones and Palfrey (2002) is that Aragones and Palfrey (2002)
restrict attention to the case a = 1, but I assume throughout that 1 < a < 4. The assumption
that a > 1 means that a voter might prefer candidate A even if the voter strictly prefers D’s policy
position. The assumption that a < F is made to ensure that ¢ is small enough that the candidate
with superior valence will not win with certainty in equilibrium.

The game proceeds as follows. Both candidates simultaneously choose policy positions from the
policy space X. The median voter observes these policy choices and votes for whichever candidate
affords the voter a higher utility. The candidate chosen by the median voter is then elected. A
justification for restricting attention to the median voter in this setting can be found in Groseclose
(2007).

A strategy for a candidate o = (074, ..., 0,) specifies the probability ¢; with which the candidate
chooses each policy x; in the policy space X. I let 04 denote the strategy chosen by A and o” the
strategy chosen by D. Throughout the paper I also let x; denote the strategy in which a candidate
chooses z; with probability 1.

If candidate A uses the strategy o and candidate D uses the strategy o?, I let I14(c?,oP)
denote the probability that A wins the election and let IIp(c4,0P) = 1 — I14(c?, 0P) denote the
probability that D wins the election. An equilibrium is a profile of strategies (0, ”) such that
I4(04,0P) > T4(c?, 0P) for all other strategies o and IIp(c4, 0P) > IIp(o?, o) for all other

D/

strategies 0. I also let ma(za,2p) denote the probability that A wins the election if A and D



choose policies z 4 and xp respectively and let mp(x4,2p) = 1—7ma(x 4, p) denote the corresponding

probability that D wins the election after these policy choices.

3. PRELIMINARIES

The mixed strategy equilibrium in this game need not be unique, and I do not attempt to
characterize all equilibria. Instead, I seek to demonstrate that there is an equilibrium which satisfies
certain properties. In particular, I seek to show that there is a range of moderate policies with no
gaps that are optimal for the advantaged candidate. I also seek to show that there is a range of
liberal policies with no gaps and a corresponding range of conservative policies with no gaps that
are optimal actions for the disadvantaged candidate. Finally I wish to characterize the bounds on
these ranges of optimal actions. First I derive some preliminary results.

Note that the game described in the previous section is a constant sum game since the sum
of the candidates’ payoffs is always equal to 1. We thus know from von Neumann (1928) that a
strategy profile is an equilibrium if and only if each player’s strategy is a maxminimizer strategy, or
a strategy which maximizes the minimum payoff the player can guarantee himself without knowing

what strategy the opponent will use. Formally, we have the following result:
Theorem 0. (0", 0P") is an equilibrium if and only if o and o are maxminimizer strategies.

That is, (o2, oP") is an equilibrium if and only if o mazimizes min,o 4 (o, o) with respect to

* . . . . . . . * . . . .
o and o mazimizes min,a Il p (o, o) with respect to oP. This is equivalent to ot minimizing

A O'D)

max,p [Ip(c?, A oD).

and o minimizing max,a (04,

In the present game, a strategy is a maxminimizer strategy if and only if it is a minmaxi-
mizer strategy, or a strategy which minimizes the maximum payoff the other player can obtain.
It is also worth noting that all equilibria in this game are payoff equivalent. In any equilib-
rium, candidate A obtains payoff II; = max,4 min,» I14(0*4,0”) and candidate D obtains payoff
IIp = max,p min,a p(c?, 0P). Furthermore, equilibrium strategies are interchangeable, and a
strategy is an equilibrium strategy if and only if it guarantees the candidate will receive at least
D)

her equilibrium payoff. Thus (64", o”") is an equilibrium if and only if II4(c?", ;) > TI4 for all

rp € X and Ilp(x;,0P") > IIp for all z; € X.



These results also indicate that the set of equilibria is convex. If ¢’ and ¢” are maxminimizer
strategies for candidate A, then IT4 (0", ;) > 4 and (0", x;) > T4 for all 2, € X, T4 (a0’ +(1—
)" xy) = adlx(0!, z) + (1 —a)ls(0”, 1) > T4 for all @ € (0,1) and 24, € X, and oo’ + (1 —a)o”
is also a maxminimizer strategy for candidate A. Similarly, the set of maxminimizer strategies for
candidate D is convex, and the set of equilibria is convex.

I now derive expressions for the probabilities with which the various candidates win the election
as a function of the candidate policy choices. Suppose A chooses the policy x; and D chooses the
policy x. Note that if k € [i —a+1,7+a— 1], then any voter strictly prefers candidate A regardless
of the voter’s ideal point. If £ =7 — a — 2j for some integer 7 > 0O or k =i —a — 2j + 1 for some
integer j > 1, then voters with ideal points no greater than ¢ — a — j prefer candidate D and voters
with ideal points greater than i — a — j prefer candidate A. Similarly, if k¥ = i + a + 2j for some
integer j > 0 or k =i+ a + 25 — 1 for some integer 7 > 1, then voters with ideal points greater
than or equal to 7 + a + j prefer candidate D and voters with ideal points less than ¢ 4+ a + j prefer

candidate A. From this I obtain the following expression for 74 (x4, zp):?

nottet]l k=i—a—2j,j€L ork=i—a—2j+1,j€L"
TA(Ts, 1) = 1, keli—a+1,i+a—1] (1)

Hetil k=i+a+2j,j€L ork=i+a+2j—1,j€Zt
From this expression for m4(z4,xp), we see that there is a natural symmetry about the center
of the policy space X in the sense that ma(z;, xx) = Ta(Tp_it1, Tnry1) for all i and k. Given this
symmetry, it seems natural to expect that candidates might employ symmetric strategies in which
they select the policies x; and x,_;,1 with the same probability. Formally, I define a symmetric

strategy as follows:

Definition. A strategy o = (01, ...,04,) is symmetric if and only if 0; = 0,11 for all i. 3 is the

set of symmetric strategies available to the candidates.
I first note that there is indeed an equilibrium in symmetric strategies:
Theorem 1. There is an equilibrium in which both candidates use symmetric strategies.

All proofs are in the appendix. In proving Theorem 1, I show that if a candidate is using
an asymmetric strategy o = (oy,...,0,), then the candidate can do at least as well by using

2Throughout this expression I let Z* denote the set of nonnegative integers and Z+ denote the set of positive integers.
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the symmetric strategy o’ = (0},...,0,,) in which o] = ZF22=%L for all 4. In particular, if o is a
maxminimizer strategy, then the corresponding symmetric strategy o’ must also be a maxminimizer
strategy. This result holds as long as the distribution of the median voter’s ideal point is symmetric
about the center of the policy space.

Since there are equilibria in symmetric strategies, I focus attention on characterizing the proper-

ties of symmetric equilibria throughout the remainder of the paper. I first introduce a few definitions.
Definition. X4 is the set of symmetric mazminimizer strategies for candidate A.

Since the set of maxminimizer strategies is equivalent to the set of strategies a candidate may use
in equilibrium, ¥4 is also the set of symmetric strategies that A may use in equilibrium. We thus
know from Theorem 1 that this set of strategies is nonempty. I now introduce a particular kind of

symmetric strategy.

n

5 o' is the strategqy in which a candidate chooses

Definition. For any integer i satisfying 1 < i <

)

L) is the vector of

x; with probability % and x,_;11 with probability % That is, ¢ = (ot,...,0

probabilities satisfying ot = ol ., = % and o}, = 0 for all k such that k #1i and k #n — i+ 1.

o' is the simplest kind of symmetric strategy that a candidate may use. It involves a candidate
mixing between exactly two actions on opposite sides of the policy space X. This particular type of
symmetric strategy is useful because any other symmetric strategy can be expressed as a combina-
tion of several of these simpler symmetric strategies. In particular, if o = (074, ..., 0,) is a symmetric

strategy, then o can be written as o = Z’::/f 20,0°.

This expresses the symmetric strategy o in
terms of how much weight ¢ places on each of the strategies of the form ¢! with 1 <i < 5

In analyzing the properties of symmetric equilibria, it is helpful to figure out how putting more or
less weight on the various strategies 0! with 1 < i < 5 affects candidate A’s payoff. In particular, I

consider how A’s payoff from choosing each of the strategies of the form o? varies with ¢ in response

to a given pure strategy policy choice by D. This is done in the following lemma:

Lemma 1. Suppose D chooses an action xy, with k < 5. Then we have the following:

(a). All strategies of the form o' for any integer i satisfying k +a < i < 5 afford the same
expected payoff for A against D’s action.

(b). For any positive integer i < k —a + 1, A’s expected payoff from using the strategy o' is

strictly increasing in 1.



(c). For any positive integer i satisfying i < k+a—1 and i < &, A’s expected payoff from using

the strateqy o' is nondecreasing in i.

This result guarantees that if D uses an action x;, with k < 7, then A’s payoff from using the
strategy o' is at least as large as A’s payoff from using the strategy o'~! as long as k # i — a. It is

1

only in the case where k = i — a that A might benefit from choosing the strategy o*~! instead of

o'. This insight also holds as long as the distribution of the median voter’s ideal point is weakly
single-peaked and symmetric about the center of the policy space.

To understand the intuition behind this result, consider what action A would like to take if D
chooses the action z; for some k < 7. The best scenario for A would be to choose an action x; for
some ¢ satisfying k —a+ 1 < i < k+ a — 1, as this would ensure that A wins the election with
probability 1. However, if A is not choosing an action which wins with probability 1 against D’s
choice of xj, then A would like to at least choose an action that is as close to x; as possible, as this
would maximize A’s chances of winning amongst actions that do not win with probability 1. For
example, if A chooses the policy xiq11, then A wins if the median voter has an ideal point greater
than or equal to xx,1, but if A chooses the policy xpiq12, then A only wins if the median voter has
an ideal point greater than or equal to xxo.

The fact that A benefits from choosing actions that are closer to D’s choice of action makes
the results in Lemma 1 intuitive. Suppose A uses a strategy of the form o! for some i satisfying
k+a <i < g, and consider what happens when A instead uses the strategy o1, This change
from ¢! to 0! means that A now mixes between z;,; and z,_; instead of mixing between z; and
Tp_ir1- Tirp is further away from z;, than z;, so changing from x; to ;1 hurts A’s chances of
winning. However, x,,_; is closer to x; than x, ;,1, so changing from x,, ;.1 to x,_; improves A’s
chances of winning. The benefits from changing from z,_;,1 to z,_; precisely cancel out the losses
from changing from x; to ;;1, so A is indifferent between the strategies o and o?*!. This gives the
result in part (a).

Now suppose A uses a strategy of the form o’ for some i satisfying ¢ < k — a + 1, and consider
what happens when A instead uses the strategy o**!. In this case, x;,; is closer to x;, than z; and
ZTn_; is closer to xp than x, ;1. Thus A is strictly better off mixing between x;,; and x,_; than
i+1

mixing between x; and x,_; 1, and A strictly prefers using the strategy ¢'™" to using the strategy

o'. This gives the result in part (b).



Finally, suppose A uses a strategy of the form o* for some i satisfying k —a+1<i<k+a—1
and i < 7, and consider what happens when A instead uses the strategy o1, In this case, 7,41
might not be closer to x than xz;, but if A chooses z;,1, then A wins with probability 1. And z,,_;
is definitely closer to x than z,_;,;. Thus A cannot lose utility either from switching to x;,; from
x; or from switching to x,_; from x,_;.;. Thus A does at least as well by using the strategy o**!
as by using the strategy of, and we have the result in part (c).

I now consider how D’s payoff is affected from various changes in D’s action if A uses one of

these strategies o for some i < 5

Lemma 2. Suppose A uses the strategy o for some i < 5. Then we have the following:

(a). For any positive integer k < i—a, D’s expected payoff from choosing the action xy is strictly
increasing in k.

(b). All actions of the form xy, for positive integers k satisfyingi+a <k <n—1i+1—a afford
D the same expected payoff against A’s strategy.

(c). For any positive integer k satisfyingi —a+1 <k <n—i+1—a, D’s expected payoff from
choosing the action xy, is nondecreasing in k.

(d). For any positive integer k satisfyingi —a+1<k<i4+a—1landk+2<n—i+1—a,
D’s expected payoff from choosing the action xp,o is strictly greater than D’s expected payoff from

choosing the action xy.

Lemma 2 indicates that if A uses some symmetric strategy o® with i < sand k+1<n—i+1—a,
then D’s payoff from using the action ., will be at least as high as D’s payoff from using the
action xj as long as ¢ # k + a. It is only when i = k + a, that D might do better by choosing
the policy x;, instead of 4. Similarly, D’s payoff from using an action zp,; with £ +1 < & and
kE+1<n-—1i+1—ais at least as high as D’s payoff from using the action x; when i # k + a if
the distribution of the median voter’s ideal point is weakly single-peaked and symmetric about the
center of the policy space.

To understand the intuition behind this result, first consider what action D would like to take if
A took the action x;. D would want to avoid choosing an action z withi —a+1<k<i+4a—1,
as D would then lose with certainty. However, D would like to choose an action as close to x; as
possible without choosing an action so close that D loses with certainty. For example, if D chooses

the action x;_,, then D wins if the median voter’s ideal point is no greater than x;_,, but if D
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chooses the action x;_, 1, then D only wins if the median voter’s ideal point is no greater than
Li—a—1-

The fact that D would like to choose an action as close to A’s action as possible without losing
with certainty can help one understand the results in Lemma 2. If A uses the strategy o° for some
i < %, then A is mixing between x; and ,,_;1,. Thus if D chooses an action z; with k£ < i — a,
larger values of £ mean that D chooses an action that is closer to both x; and x,,_;y1, but not so
close that D would lose with certainty against either of these actions. Thus if D chooses an action
x with k <1 —a, D’s expected payoff is increasing in k. This gives the result in part (a).

If D chooses an action z; with i +a < k < n —i+1— a, then choosing a larger value of £ means
that D chooses an action that is further from z; but closer to x,_;11 while still being sufficiently
far from both z; and x,_;.; that D would not lose with certainty against either of these actions.
The benefits from being closer to x,_; 1 precisely cancel out the losses from being further from x;,
so D is indifferent between all actions of this form, as indicated in part (b).

Finally, suppose D chooses an action z; withi—a+1<k<i4+a—1land k<n—1+1—a, and
consider what happens when D takes the action z,; instead of xy. In this case, xx,1 may very well
be further from x; than z;. However, x; loses with certainty for D if A chooses x;, so zj,1 cannot
do any worse for D against x; than x;. And xy,, is closer to x,_;y1 than x; without being so close
that D would lose with certainty if D chose the action x;; and A chose the action x,_; ;. Thus
xry1 does at least as well for D as x;, if A chooses either of the actions x; or z,_;;1. Furthermore,
if k+2<n-—i+1—a, then D does strictly better by using the action z o instead of x; when A
chooses the action z,_;,1, and D strictly prefers x5 to x; when A is using the strategy o. This
gives the results in parts (c) and (d).

Before proceeding to the main results, I first note one additional property of A’s maxminimizer

strategies.

Lemma 3. There is an equilibrium in which A uses a symmetric strateqy o = (01,...,0,) such

that o; = 0 for all positive integers i satisfying 1 <i <a — 1.

The reasoning behind this lemma is as follows. As noted previously, A would like to choose an
action as close to D’s action as possible. If A chooses the action x, instead of an action of the form
x; with ¢ < a — 1, then A’s policy will be closer to D’s policy unless D chooses a policy x, with

k < a— 1. However, if D chooses a policy z;, with £ < a — 1, then A wins with certainty if A uses
11



the policy z,. Thus A can only benefit from choosing the action x, instead of choosing an action
of the form x; with i < a — 1, and there is no need for A to ever choose any of the actions x; with
1 < a — 1 with positive probability. Similarly, there is no need for A to ever choose any of the a — 1
actions closest to x,. This result also holds as long as the distribution of the median voter’s ideal
point is symmetric about the center of the policy space.

Given this result, I focus on equilibria in which A does not use the a — 1 actions closest to either
of the endpoints of the policy space for the remainder of the paper. I give one more definition to

describe this set of strategies.

Definition. X, is the set of 0 = (01,...,0,) in X for which o; = 0 for all positive integers i
satisfying 1 < i < a— 1. X2 is the set of 0 = (01,...,0,) in X4 for which o; = 0 for all positive

integers i satisfying 1 <1 < a — 1.

Thus ¥, is the set of symmetric strategies in which a candidate does not use the a — 1 actions
closest to the endpoints of the policy space, and X2 is the set of such strategies that A may use
in equilibrium. Since we know from Lemma 3 that ¥4 is nonempty, I focus on characterizing the

properties of strategies in this set.

4. MAIN RESULTS

This section characterizes the optimal actions for the candidates in a particular equilibrium. I
ultimately wish to show that there is a range of moderate policies with no gaps that are optimal
for the candidate with superior valence. I also wish to show that there is a range of liberal policies
with no gaps and a range of conservative policies with no gaps that are optimal for the lower quality
candidate. A range of policies with no gaps simply refers to a range of policies such that, if any two
policies are in that range, all policies in between these policies are also in that range. Formally, I

define gaps as follows.

Definition. A strateqy o = (01, ...,0,) has a gap at x; if 0; = 0 and there exist positive integers j

and k such that j <1 <k, 0; >0, and o3, > 0.

Definition. A strategy o = (01,...,0,) has no gaps if o does not have a gap at x; for all positive

integers ¢ satisfying 1 <1 < n.
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Strategies with gaps are significant because if the advantaged candidate uses a strategy with a gap,
then this gives valuable information about what actions will not be optimal for the disadvantaged

candidate. In particular, I prove the following lemma:

Lemma 4. Suppose A uses a symmetric strategy o that has a gap at x; for some positive integer i
satisfying a +1 <1 < 5. Also suppose that oy > 0 for this i. Then it is not a best response for

D to take the action x;_,.

This lemma guarantees that if A is using a symmetric strategy o with a gap at z; but not at
r;—1 for some positive integer ¢ satisfying a +1 < < 7, then x;_, is not a best response for D.
This result follows by repeatedly using the results in Lemma 2. I have indicated in my discussion of
Lemma 2 that if A is using some symmetric strategy o’ with j < %, then the only way D might be
strictly better off by taking the action x;_, instead of x;_,,1 is if j = ¢. Against all other symmetric
strategies 07 with j # 4, D does at least as well by taking the action x;_,,1 instead of x;_,.

Now if A is using a symmetric strategy that has a gap at z;, then A is putting no weight on the
strategy o'. A is only using symmetric strategies o7 with j # 4. But since D is at least as well off
against all of these strategies by taking the action x;_,.1 instead of x;_, it is intuitive that D would
not want to take the action x;_,. The technical condition that o;_; > 0 enables me to show that
Zi_q is in fact strictly suboptimal for D. This result also holds with virtually identical reasoning
as long as the distribution of the median voter’s ideal point is weakly single-peaked and symmetric
about the center of the policy space.

Lemma 4 can be used to show that there is an equilibrium in which A employs a symmetric

strategy with no gaps:

Theorem 2. There is a strategy in X2 with no gaps. Furthermore, if there is a strategy o € L4
such that o; > 0 and o; = 0 for all 1 < j for some j < %, then for this j there is also a strategy

o' € ¥4 with no gaps such that o >0 and o} =0 for all i < j.

To see that A has a maxminimizer strategy with no gaps, note that if A is using a strategy in
¥, with a gap at z; but not at z;_; for some ¢ < 7, then we know from Lemma 4 that x;_, is not
a best response for D to A’s choice of strategy. Thus if A uses such a strategy, D would take an
action xp with k& # ¢ — a. Now I have indicated in my discussion of Lemma 1 that if D takes an

action zp with k # i — a, then A’s payoff from the strategy o is at least as high as A’s payoff from
13



the strategy o‘~!. This means that if A puts slightly more weight on the strategy o' and slightly
less weight on the strategy o'~!, then A does at least as well against any action which D would
consider taking against A’s original strategy. But if A makes this change, then there is no longer a
gap in A’s strategy at z;. Thus A has a symmetric maxminimizer strategy with no gaps.

The second part of the theorem simply shows that A can still use the most extreme policy that
may be optimal when A is restricted to employing a strategy with no gaps. Again Theorem 2 holds
with virtually identical reasoning as long as the distribution of the median voter’s ideal point is
weakly single-peaked and symmetric about the center of the policy space.

The fact that A has a symmetric maxminimizer strategy with no gaps enables one to show that
in every equilibrium, there is a range of actions with no gaps around the center of the policy space

which must be best responses for A to D’s strategy. This is illustrated in Theorem 3.

Theorem 3. Let j be the smallest positive integer such that there is some o € ¥2 with o; > 0.
Then in every equilibrium (o?,0P), all actions of the form x; with j <i <n — j + 1 must be best

responses for A to D’s strategy.

This result is an immediate consequence of Theorem 2. If j is defined as above, then we know

from Theorem 2 that there is a symmetric maxminimizer strategy with no gaps for A, o', such

D

that 03-4/ > 0. Also, if (¢4, o) is an equilibrium, then ¢? is a maxminimizer strategy for D. And

. ’ o . . . / a1 . /
since 0" and oP are both maxminimizer strategies, (¢4, ¢”) must be an equilibrium. But o*

takes all actions of the form x; with j <4 < n—j+1 with positive probability. Since (64", ") is an
equilibrium, these actions must all be best responses for A to D’s strategy, and the result follows.

While I am focusing on symmetric equilibria in this paper, it is worth noting that this result also
holds for every equilibrium in which some player does not use a symmetric strategy. And Theorem
3 also holds with identical reasoning as long as the distribution of the median voter’s ideal point is
weakly single-peaked and symmetric about the center of the policy space.

Though there will typically be gaps in D’s strategy near the center of the policy space, I illustrate
in the next two theorems that there is an equilibrium in which D has a range of actions with no

gaps that are all best responses to A’s strategy. This range of actions corresponds to some set of

policies that are at least as liberal as x,,/2_4. First I prove the following:
14



Theorem 4. Suppose there is a strategqy in X2 such that one of D’s best responses to this strategy
is x; for some j < 5 —a. Then there is also a strategy in YA such that all actions of the form xy,

with j <k < % — a are best responses for D.

This theorem does not guarantee that there will be an equilibrium in which D takes all the
actions xy in the range j < k < § — a with positive probability, as D need not choose to take all
optimal actions with positive probability in equilibrium. However, it does ensure that these actions
will all be optimal for D in equilibrium. The symmetry of the problem then guarantees that all
conservative policies of the form x, with § +a+1 <k <n —j+ 1 are also best responses for D.

The reasoning behind Theorem 4 is similar to the reasoning behind Theorem 2. Suppose A is
using a symmetric strategy such that x;_, is not a best response for D for some ¢ < 3 but x;o 118
a best response for D. Similar reasoning to that in Lemma 4 shows that if this holds, then A must
be putting positive weight on the strategy o~!.

Since A is putting positive weight on the strategy o1, A can put slightly more weight on the
strategy o' and slightly less weight on the strategy o?~!. As noted in the reasoning behind Theorem
2, such a change is favorable to A if D is using actions of the form xp with & # ¢ — a. Thus A

I until

prefers to keep putting more weight on the strategy o’ and less weight on the strategy o'~
Ti_q is also a best response for D. This gives the result in Theorem 4.

While Theorem 4 illustrates that there is an equilibrium in which all actions of the form z; with
J <k <35 — a are best responses for D if there is an equilibrium in which z; is a best response for
D, it does not guarantee that there is an equilibrium in which z; is a best response for D for some
J < % —a. For instance, this theorem leaves open the possibility that all of D’s best responses will

be near the center of the policy space and be of the form z; with 5—a+1<k< 35 +a This

possibility is ruled out in Theorem 5.

Theorem 5. If 0 € ¥4, then one of D’s best responses to o is to choose an action of the form xy

for some positive integer k < 5 — a.

To understand the intuition behind this result, suppose A were using a symmetric strategy, but
D did not have a best response of the form w;, for some positive integer k¥ < 7 —a. Since A is using
a symmetric strategy, D’s expected payoff from using the action zj is the same as D’s expected

payoff from using the action x,,_;.1, and D also does not have a best response of the form z; with
15



k> 5 +a+ 1. This means all of D’s best responses are of the form x;, for some £ satisfying

n_

5 —a+ 1<k <7 +a, the policies closest to the center of the policy space.

But if D is using an action of this form, then A can improve his payoff by putting relatively
more weight on the strategy ¢”/? and putting relatively less weight on the other strategies o* for
i < % that A was using before. The strategy ™2 which mixes between T2 and x,/941 wins with
probability one if D is using an action of the form z; with § —a+2 <k <% +a—1 Andif D
is using the actions ,/2_q4+1 Or Ty,/244, then one of the actions w,,/5 or x,/241 Will with probability
one, and the other action will be as close to D’s action as possible without being close enough to
win with certainty.

No other symmetric strategy o is more effective for A when D is using actions of the form x;,
with § —a+1 <k < § +athan 0™/?, so this means that A can improve his or her payoff by putting
relatively more weight on the strategy o”/? and relatively less weight on the other strategies. Thus
if A is using a symmetric maxminimizer strategy, one of D’s best responses must be of the form z
with k < g — a.

While the results for the advantaged candidate in Theorems 2 and 3 hold for any distribution of
the median voter’s ideal point that is weakly single-peaked and symmetric about the center of the
policy space, the results for the disadvantaged candidate in Theorems 4 and 5 will not necessarily
hold under this more general treatment. Thus the assumption that the distribution of the median
voter’s ideal point is uniform is useful in deriving properties of the disadvantaged candidate’s optimal
actions.

By combining Theorems 1-5, I obtain the following result:

Theorem 6. There is an equilibrium (o, aP) in symmetric strategies characterized by two positive
integers ks and kp satisfying kp < § —a and a < kay < § such that the following hold:

(a). All actions of the form x; with ky <i <n—ks+ 1 are best responses for A to D’s strategy.

(b). o0 =0ifi <ksori>n—ks+1.

(c). All actions of the form xy with kp <k < 4§ —a and 5 +a+1<k <n—kp+1 are best
responses for D to A’s strategy.

(d). No actions of the form xy with k < kp or k > n — kp + 1 are best responses for D to A’s
strategy.

(e). kp+a—2<ks<kp+a.
16



Parts (a)-(d) of this theorem are immediate consequences of Theorems 1-5. These results indicate
that there is a range of moderate policies with no gaps that are optimal for the advantaged candidate.
There is also a range of liberal policies with no gaps and a corresponding range of conservative
policies with no gaps that are optimal actions for the disadvantaged candidate.

The only part of this theorem that is significantly different from the previous results is part (e).
This result indicates that there are predictable bounds on the range of optimal actions for both
players in equilibrium. In particular, the lower bound on the range of optimal actions for A is
approximately a grid points closer to the center than the lower bound on the range of optimal
actions for D.

This result makes sense given the incentives faced by the players. D wishes to choose an action
as close to A’s action as possible without choosing an action so close that D loses with certainty.
Now the only actions A takes with positive probability are of the form x; with ¢ > k4. Thus no
action of the form x; with k < k4 — a is ever a best response for D to A’s strategy, as D could
instead take the action xj, which is closer to all actions A takes with positive probability without
being so close that D would every lose with certainty against any of these actions. From this it
follows that kp > ks — a or k4 < kp + a. Similar reasoning gives the bound kp +a — 2 < k4.

Now I address how many policies the candidates must randomize amongst in the limit of an
arbitrarily fine policy space for a fixed size of the advantaged candidate’s advantage, §. Since
the advantaged candidate randomizes amongst the most moderate policies in the policy space, in
order to determine how many policies the advantaged candidate uses, it suffices to find the most
extreme policies that the advantaged candidate chooses in equilibrium. Such a policy is given by

the following definition.

Definition. z(n,d) is the most liberal policy that A must choose in equilibrium for given values of

n and §. Formally, z(n,0) = min{x; € X|o € ¥4 = Ik < i for which oy, > 0}.

In this definition, ¥4, the set of symmetric maxminimizer strategies for candidate A, is implicitly
a function of n and d. I now note how the most liberal policy that A must choose in equilibrium
varies with 0 as the number of policies in the policy space becomes large. Throughout I restrict

attention to values of n for which n is even and § is not an integral multiple of ﬁ

Theorem 7. limsup, ., z(n,d) < max{1$% 1 —4}.
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Thus in the limit of an arbitrarily fine policy space, the advantaged candidate must use policies

that are at least as liberal as max 1%5, % — ¢}, and the advantaged candidate uses the policies in the

146 1
372

interval [max{ — 0}, min{%2,1 + 6}]. The advantaged candidate thus randomizes amongst
a non-vanishing fraction of the policies in the policy space as the number of policies in the policy
space becomes large. Similarly, the disadvantaged candidate will also randomize amongst a non-
vanishing fraction of the policies in the policy space in order to create incentives for the advantaged
candidate to do the same. The candidates will also randomize amongst a non-vanishing fraction
of the policies in the policy space for any symmetric and weakly single-peaked distribution of the
median voter’s ideal point, though the precise number of policies that the candidates use may
depend on the distribution.

To understand the intuition behind why the advantaged candidate cannot randomize amongst
an infinitesimal fraction of the policies in the policy space, suppose instead that the advantaged
candidate only randomized amongst policies arbitrarily close to % In that case, any best response
for the disadvantaged candidate would be to choose policies extremely close to either % — 4 or
% + ¢, while still choosing policies that would win with positive probability against the advantaged
candidate’s policies.

When the disadvantaged candidate is using such a narrow range of policies, the advantaged can-
didate can exploit this by choosing policies that would win with certainty against the disadvantaged
candidate’s policy choices. In particular, the advantaged candidate can choose a policy relatively
closer to % — ¢ that would win with probability 1 against all liberal actions the disadvantaged
candidate chooses with positive probability, while still only winning slightly less often against the
conservative actions the disadvantaged candidate chooses with positive probability.

Since this change would afford the advantaged candidate a higher payoff than choosing policies

arbitrarily close to %, there is no equilibrium in which the advantaged candidate only chooses policies

arbitrarily close to % Similar reasoning explains why the advantaged candidate uses policies as

146 1

liberal as max{=£*, 3 — d} in the limit of an arbitrarily large policy space.

Finally, I give a useful lower bound on the probability the advantaged candidate wins the election.

Theorem 8. The probability the advantaged candidate wins the election s at least % + &
18



This result follows by noting that the advantaged candidate can guarantee that he or she will

"2 Because of this, any maxminimizer strategy

win with probability % + 2 by using the strategy o
for the advantaged candidate will win the election with at least probability % + .

This bound will also hold for any symmetric and weakly single-peaked distribution of the median
voter’s ideal point. In fact, for these more general distributions of the median voter’s ideal point,
one can typically prove a stronger lower bound on the probability with which the advantaged
candidate wins the election. For these more general distributions, there will typically be a higher
probability that the median voter’s ideal point is near the center of the policy space. Since the
advantaged candidate wins when the median voter’s ideal point is near the center of the policy

space, the advantaged candidate will typically win with greater probability for these more general

distributions of the median voter’s ideal point.

5. CONCLUSION

This paper has characterized the optimal actions for candidates in a particular mixed strategy
equilibrium that may arise in a Downsian model in which one candidate is endowed with some
valence advantage that is so large that voters might prefer this candidate even if they prefer the
other candidate’s policy positions. In this equilibrium, there is a range of moderate policies with no
gaps that are optimal actions for the advantaged candidate, but all other policies are not optimal
for this candidate. There is also a range of liberal policies with no gaps and a corresponding range
of conservative policies with no gaps that are optimal actions for the disadvantaged candidate. The
most moderate policy guaranteed to be an optimal action for the disadvantaged candidate, z,,/2_q,
becomes less moderate as the size of the advantaged candidate’s advantage increases. And the most
extreme policy that is optimal for the advantaged candidate, xy,, is more moderate than the most
extreme policy that is optimal for the disadvantaged candidate, xj,, by an amount approximately
proportional to the size of the advantaged candidate’s advantage.

It is worth noting that the results when a candidate has a large valence advantage can differ
significantly from the results in Aragones and Palfrey (2002) when a candidate has a minimal
valence advantage. When the size of a candidate’s valence advantage is minimal, both candidates
randomize amongst virtually identical sets of policies. By contrast, if the advantaged candidate

has a large valence advantage, then there need not be any overlap between the optimal actions for
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the advantaged candidate and the optimal actions for the disadvantaged candidate. Furthermore,
in Aragones and Palfrey (2002), when the number of points in the policy space becomes large,
both candidates only use policies arbitrarily close to %, and the advantaged candidate wins with
probability arbitrarily close to % By contrast, Theorems 7 and 8 in the present paper indicate that

when a candidate’s valence advantage J is bounded away from zero (and thus ¢ is bounded away

from zero for all n), then the advantaged candidate uses policies bounded away from %, and the

1

advantaged candidate wins with probability bounded away from 3

While this paper has characterized the optimal actions for the candidates in equilibrium, this
paper has not calculated the precise mixed strategies that are used in this equilibrium. However,
characterizing the optimal actions is an important part of a full equilibrium characterization, as this
gives useful information about what actions the candidates will choose with positive probability in
equilibrium. Furthermore, knowing that the optimal actions are of the form in Theorem 6 gives a
useful way to calculate the mixing probabilities that the candidates would use in equilibrium. For
example, to find an equilibrium strategy for the advantaged candidate, one only need find mixing
probabilities such that the disadvantaged candidate is indifferent between adjacent policies in a
range of policies of the form in Theorem 6(c). As Aragones and Palfrey (2002) illustrate how to
ensure that candidates are indifferent between adjacent policies, one can use similar techniques to
derive the advantaged candidate’s mixing probabilities here.

The results in my paper indicate that the disadvantaged candidate will randomize between choos-
ing a range of policies that are relatively liberal and a range of policies that are relatively conser-
vative. This result might seem like a poor theoretical prediction since one would not expect many
candidates to randomize between choosing a liberal policy and a conservative policy. However, there
are very natural empirical referents for this result. One standard interpretation of a mixed strategy
is that the other players face uncertainty about what actions the player using the mixed strategy
will take and the mixing probabilities reflect the probabilities with which the other players believe
this player will take the various actions (Harsanyi, 1973; Rubinstein, 1991).

This interpretation is well-suited to one of the most natural applications of the model. One of
the most common situations in which a candidate has a valence advantage is when an incumbent
politician runs against challenger and the incumbent has an incumbency advantage. In this case,

if the challenger has not previously run for public office and not publicly stated his or her general
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policy leanings, the incumbent may not be at all sure as to whether the challenger will choose a
liberal policy or a conservative policy. The incumbent may then very well believe there is a chance
the challenger will choose a liberal policy and a chance the challenger will choose a conservative
policy. Thus the mixed strategy for the disadvantaged candidate corresponds very naturally to
beliefs an incumbent may have about a challenger’s likely policy selection.

Another natural application of the results is for party primaries. In a Democratic party primary,
a candidate running for office for the first time might not particularly care whether he or she runs as
a liberal Democrat or a conservative Democrat as long as he or she runs as a Democrat. However,
the candidate may feel a need to choose a different policy than an incumbent that is running as
a moderate Democrat. The mixed strategies in this paper for the disadvantaged candidate may
then correspond naturally to the mixed strategies a disadvantaged candidate would use in a party
primary.

It is also worth noting that the equilibrium characterization given here predicts that the optimal
actions for the advantaged candidate are more moderate than the optimal actions for the disadvan-
taged candidate. Moreover, the most moderate policy that is guaranteed to be an optimal action
for the disadvantaged candidate, x,/2_,, is relatively further from the center of the policy space for
larger sizes of the advantaged candidate’s advantage. These results correspond well to empirical
evidence. For example, Ansolabehere et al. (2001), Fiorina (1973), and Stone and Simas (2007)
conduct empirical studies on how the size of a candidate’s incumbency advantage affects whether
candidates choose relatively moderate or extreme policies. These authors note that candidates tend
to assume more moderate policies as the size of their valence advantages increase and tend to choose
more extreme policies when they face relatively larger disadvantages. The predictions of the model

are thus supported by these empirical studies.
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APPENDIX

Theorem 1. There is an equilibrium in which both candidates use symmetric strategies.
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Proof. Since this game is finite strategic game, we know from Proposition 33.1 of Osborne and
Rubinstein (1994) that there exists an equilibrium in mixed strategies. Let (6, o) be some such
equilibrium, and consider the strategy ¢’ defined by setting o' = o/ 4 for all 4. By the symmetry
of the players’ payoff functions, we know that II4(c?, z) = I14(6, 2p_ps1) for all k. Thus since
a(c?, z;) > II4 for all k, we have HA(O'A/,ZBk) > TI,4 for all k& as well. So the fact that o4 is a
W

maxminimizer strategy implies 0 is a maxminimizer strategy.

Now consider the strategy 0" defined by ¢4” = 1(c* + o). Since the set of maxminimizer

A//

. . . . . . "o, .
strategies for A is convex, ¢4” is also a maxminimizer strategy for A. And 4" is a symmetric

strategy because 07" = (0 + /') = L(o | + 07, ) = 02, From this it follows that *
is a symmetric maxminimizer strategy.

A virtually identical argument shows that if o' is defined by setting 0" = o2 .., for all i and
oD’ — 1

= 5(aD + aD'), then " is a symmetric maxminimizer strategy for D. But this means that

(64", oP") is an equilibrium in which both candidates use symmetric strategies. The result follows.

O

Lemma 1. Suppose D chooses an action xy, with k < 5. Then we have the following:

(a). All strategies of the form o' for any integer i satisfying k +a < i < 5 afford the same
expected payoff for A against D’s action.

(b). For any positive integer i < k —a + 1, A’s expected payoff from using the strategy o' is
strictly increasing in 1.

(c). For any positive integer i satisfying i < k+a—1 andi < %, A’s expected payoff from using

the strateqy o' is nondecreasing in 1.

Proof. (a). To prove this it suffices to show that IT4(c%, x;) = (o', 2) for all integers i sat-
isfying k + a < i < 2. Note that IIa(o%, zx) = 5(ma(i, 2k) + Ta(Tnois1, zx)). Thus Ma(o?, z)) =
IL4(c™*, 1) holds if and only if 2(ma (2, xx) + Ta(Tp—is1, 2k)) = 5(Ta(@it1, Tk) + Ta(Tnoi, Tk)) OF
(i, o) — Ta(Tigr, k) = Ta(Tp_i, Tk) — TA(Tp_iy1, T). It thus suffices to show that ma(x;, xx) —
TA(Tiy1, Tk) = TA(Tn—i, Tk) — TA(Tn—it1, Tx) for all integers ¢ satisfying k& +a < i < 4. I consider
two cases:

Case 1: Suppose k = i —a — 25 + 1 for some positive integer 7. In this case, we know from
equation (1) that ma(x;, zx) = % and 74 (T, ) = % for this integer j. Thus

Ta(Ti, ) — TaA(Tip1, Tg) = % Also,k=n—i—a+1 (mod 2) and k =n —i—a— 25"+ 1 for some
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n—(n—i)+a+j’

positive integer j'. But if this holds, then we know from equation (1) that m4(x,_;, z1) = -

and ma(Tp_ii1,T) = ”_("+1)+a+]/ for this integer j'. Thus ma(Tp—i, T) — TA(Tp_it1, Tk) = % as
well and 4 (2, 2x) — Ta(Tig1, Tx) = Ta(Tni, Tn) — TA(Tp—it1, Tp)-

Case 2: Suppose k =i —a—2j + 1 does not hold for any positive integer j. In this case, we have

k = i—a—2j for some nonnegative integer j and k = (i+1)—a—2(j+1)+1 for this same integer j. We

n—(i+1)+a+(+1) n—ita+j

then know from equation (1) that ma(x;, zx) = "_zj;—“ﬂ and w4 (w11, 1) = - = =

for this integer j. Thus ma(z;, 2x) — ma(xit1, xx) = 0.
Since k = i — a — 27 for some nonnegative integer j, k =n—i—a (mod 2), k =n—i—a—2j for

some nonnegative integer 5/, and k =n —i+1—a—2(j' 4+ 1) + 1 for this same integer j'. We then

n—(n—i)+a+j’
n

n—(n—itl)+a+(’+1) _
n

know from equation (1) that ma(x,_;, xx) = and ma(y i1, Tk) =
”_(%W for this integer j'. Thus ma(zn—i, k) — Ta(2p_ir1,xx) = 0 as well. In either case, we
have ma (s, x) — Ta(Tig1, Tk) = Ta(Tp_i, k) — Ta(Tp—is1, k), and the result holds.

(b). To prove this result it suffices to show that IT4(c"™ x;) — 4(0, z;) > 0 for all posi-
tive integers i satisfying 1 < i < k —a + 1. Now I4(0%, ) = %(WA(xi,xk) + TA(Tp—iz1, Tk))-
Thus T4 (0™, ) — Ma(0?, 2) = 5 (Ta(is1, @) + Ta(@nois 2k)) — 3(Ta(@s, T1) + Ta(Tpoigr, 23)) =
S(ma(@ipr, zn) — malzi, o)) + 3(ma(Tp—s, xr) — Ta(@nit1,7%)). To prove the result it thus suf-
fices to show that either ma(z;y1,xx) — ma(zi, xx) > 0 and wa(z,—i, vx) — Ta(Tp_iz1, %) = 0 or
TaA(Tig1, ) — ma(zs, ) = 0 and wa(xy—g, ) — Ta(Tp_it1, vx) > 0 for all positive integers i satis-
fying 1 <i <k —a+ 1. I consider two cases:

Case 1: Suppose k =i+ a + 2j — 1 for some positive integer j. Then k =i+ 14+a+2(j — 1)

itati—1
n

for the same integer j and we know from equation (1) that 74 (z;, 1) = and 74 (zi41, k) =

w for this integer j. Thus ma(x;41,2x) — Ta(xs, xx) = 0. Also, k =n—i+1—a (mod
2),and k =n —i+1—a — 25 for some positive integer j'. But if this holds, then we know from

—(n—it1 i —(n—i ’ is i ‘
% and 7 (x,_i, Tx) = M for this integer j'.

equation (1) that ma(zp_it1, k) =
Thus Ta(Tp—s, Tk) — TA(Tp_is1, Thy1) = % From this it follows that ma(z;y1, k) — ma(zi, x5) = 0
and ma(x,_;, ) — TA(Tn_is1, k) > 0 holds in this case.

Case 2: Suppose k£ = ¢ 4+ a + 2j — 1 does not hold for any positive integer j. In this case,
we have kK = 7 + a 4+ 27 for some nonnegative integer j and ¥k = ¢+ 1+ a + 25 — 1 for this

same integer j. Thus we know from equation (1) that ma(z;, ) = Z*E=1 Also, if j > 0, then
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Ta(Tig1, xp) = % for this integer j, and if j = 0, then m4(x; 1, 2x) = 1. In either case, it
follows that ma (@1, xx) — ma(zi, zx) > 0.
Since k = i + a + 2j for some nonnegative integer j, k =n —i—a (mod 2), k=n —i—a — 2§’

for some nonnegative integer j', and k =n—i+1—a—2(j'+ 1) + 1 for this same integer 5. Thus

n—(n—i)+a+j’ n—(n—i+1)+a+(j'+1)
n

n

we know from equation (1) that ma(x,_;, zx) = and ma(zp_it1,Tk) =
for this integer j', meaning ma(zy_i, Tr) — TA(Tp_isr1,2x) = 0. Combining this with the results
from Case 1 shows that either ma(x; 1, 2r) — Ta(x;, vx) > 0 and wa(zp_s, x) — TA(Tp_iy1, %) =0
or ma(xiy1, k) — ma(zi, ) = 0 and wa(xy—s, k) — Ta(Tp_is1, k) > 0 for all positive integers i
satisfying 1 < i < k —a + 1. The result follows.

(c). We know from part (b) that A’s expected payoff from using the strategy o’ is nondecreasing
in ¢ for all positive integers ¢ < k —a + 1. Thus to prove the result it suffices to show that if i is a
positive integer satisfying k —a+1<i <k+a—1and i < %, then IT4(0"", ;) > T4 (0", ).

Now H4(0%,z) = 2(ma(zs, 2) + Ta(@niy1, xx)). Thus (o™, 1) > Ta(0", ) holds if and
only if 2(ma(@i1, 2) + Ta(Tpes, 11)) > 3(Ta(@i, 2p) + Ta(Tnoivr, Tk)) OF Ta(Tigr, Tp) — mal(s, T4) >
TA(Tn—iv1, k) — Ta(Tp_i, zg). It thus suffices to show that ma(x;i1,2x) — malzi, ) > 0 >
TA(Tn—is1, Tr) — Ta(Tn—s, T1) for all positive integers 7 satisfying k —a+1 <i < k+a—1andi < 7.

Nowifk—a+1<i<k+a—1,thenk—a+1<i+1<k+a—-1,i+1—a+1<k<
i+1+a—1, and we know from equation (1) that ma(x;y 1, zx) = 1. Thus wa (x40, x%) > wa(Ts, T8)
and A (241, k) — ma(xs, ) > 0. It thus suffices to show that ma(z,_ir1, Tr) — Ta(Tp_i, xx) < 0 if
i < 5. I consider several cases:

Case 1: Suppose k > n—i—a-+ 1. In this case, we know from equation (1) that ms(z,_;, xx) =1
and ma(y_i1, Tk) < wa(@p_i, xx). Thus ma(zp_it1, k) — TA(Tp_i, ) < 0.

Case 2: Suppose k =n —i—a—2j+ 1 for some positive integer j. Then we know from equation
(1) that ma(x, i, xx) = w and m4(zn_it1,T) = % for this integer j. Thus
Ta(Tn_iv1, Tk) — Ta(Tp_s, o) = —% <0.

Case 3: Suppose neither of the first two cases hold. Then k£ = n—1i—a— 2j for some nonnegative

integer j, and k = n—i+1—a—2(j+1)+1 for this same integer j. Then we know from equation (1)

n—(n—i)+a+j
n

n—(n—i+1)+a+j+1 _ n—(n—i)+a+j for this integer
n n

that ma(z,_, k) = and m4(zp_it1,Tk) =
J. Thus ma(zp_it1, k) = Ta(Tn_i, 1), and we always have ma(x, i1, k) — Ta(zn_i, 1) < 0. The

result then follows.
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Lemma 2. Suppose A uses the strategy o for some i < 5. Then we have the following:

(a). For any positive integer k < i—a, D’s expected payoff from choosing the action xy, is strictly
increasing in k.

(b). All actions of the form xy for positive integers k satisfyingi+a <k <n —i+1—a afford
D the same expected payoff against A’s strategy.

(c). For any positive integer k satisfyingi —a+1 <k <n—i+1—a, D’s expected payoff from
choosing the action xy is nondecreasing in k.

(d). For any positive integer k satisfyingi —a+1<k<i4+a—1andk+2<n-—i+1—a,
D'’s expected payoff from choosing the action xp.o is strictly greater than D’s expected payoff from

choosing the action xy,.

Proof. (a). To prove this it suffices to show that for all integers k satisfying 1 < k < i — a, we
have Ip(o*, x) — p (o, a—1) = Ma(0", xp—1) — Ma(0", z) > 0. Now ITa(0", ) = 5(ma(w;, xx) +
TA(Tp—is1, 2x)). Thus Ia(o?, mp_1) — Ha(o?, z) = S(mal@i, wp-1) + Ta(@nigr, oo1) — walzi, a3) —
TA(Tn_ir1, Tp)) = %[(WA(l‘i,Ik_l)—7TA($Z',$k))+<7TA(In_i+1,ZEk_1)—WA(l‘n_i_H,l’k))]. It thus suffices
to show that either ma(x;, zx—1) — ma(z;, xx) > 0 and wa(Tp_ir1, Th—1) — TaA(Tp_iz1, k) = 0 or
Tz, xp—1) — ma(zi, xr) = 0 and Ta(Tp_it1, Tho1) — Ta(Tpu_iy1, xx) > 0 for all integers k satisfying
1 <k <i—a. I consider two cases:

Case 1: Suppose k =1 —a — 25 + 1 for some positive integer j. Then k — 1 =14 — a — 27 for the
same integer j and we know from equation (1) that ma(x;, zx) = ma(x;, 2_1) = iﬂ““ for this
integer j. Thus ma(zs, 2x—1) —7wa(zs, 2) = 0. Also, k=n—i+1—a (mod2), k=n—i+1—a—2j
for some positive integer j/, and k —1=n—i+1—a—2(j'+ 1) + 1 for the same positive integer

/ n—(n—i+1)+atj’

J'. But if this holds, then we know from equation (1) that ma(vy_sy1,7x) = —— 2 and

_ n—(n—i+1)+a+(j'+1 o -/ 1
TaA(Tp_it1, Tp—1) = ( 21 UHD for this integer j'. Thus Ta(2p—iy1, Th—1) —Ta(Tr—it1, Tk) = o

So in this case ma(x;, xp_1) — Ta(zi, ) = 0 and wa(xp_i1, Th—1) — TaA(Tp_ir1, k) > 0.
Case 2: Suppose k =i —a—2j+ 1 does not hold for any positive integer j. In this case, we have

k =1 —a — 2j for some nonnegative integer j and k — 1 =1i—a —2(j + 1) + 1 for this same integer

j. Thus we know from equation (1) that m4(z;, xx) = % and wa(x;, vp_1) = %ﬁﬁl) for
this integer j. From this it follows that m4(z;, xx_1) — ma(2s, k) = %
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Since k = i —a—2j for some nonnegative integer j, k =n—i—a (mod 2), k =n—i+1—a—2j5'+1
for some nonnegative integer j', and k—1 = n—i+1—a—2j’ for this same integer j'. Thus we know

from equation (1) that ma(x,_s41,2k) = TA(Tp_is1, Th_1) = +ati’ for this integer j' and

n—(n—it+1)

TaA(Tn_it1, Tr—1)—Ta(Tp_it1,2x) = 0. Combining this with the results from Case 1 shows that either
Tz, xp—1)—malxs, o) = 0and wa(Tp_ir1, Tho1) —TA(Tn_iz1, Tk) > 00r ma(xy, Tp1) — A (T4, TY) >
0 and mA(Tp—it1, Tk—1) — TaA(Tp—it+1, k) = 0. The result then follows.

(b). To prove this it suffices to show that if & is a positive integer satisfying i + a < k and
k+1 < n—i+1—a, then 4 (0%, x3) = 40", 241). Now Ila(0?, 2x) = 5 (ma(@s, 2)+ma (i1, Th))-
Thus 4 (0, zy) = I4(0?, 2441) holds if and only if 2(ma (2, 2) +7a(Tp—it1, 21)) = 5 (Tal@i, Tpgr) +
TA(Tn_ir1, Try1)) OF Ta(xy, Tpa1) — Ta(Ti, ) = Ta(Tp_in1, k) — TaA(Tp_izr1, Try1). It thus suffices
to show that ma(z;, xri1) — ma(wi, ) = TaA(Tn—iv1, T) — Ta(Tp_iy1, Try1) for all positive integers
k satistying i +a < kand k+1 <n —i+1—a. I consider two cases:

Case 1: Suppose k = i+ a + 2j — 1 for some positive integer j. Then k +1 = i + a + 25 for
the same integer j and we know from equation (1) that m4(z;, xpy1) = walzs, 1) = % for this
integer j. Thus ma(x;, xg11) —wa(xi, x) =0. Also, k=n—i+1—a (mod 2), k =n—i+1—a—25

for some positive integer j', and k+1 =n—i+1—a—2j5'+1 for the same positive integer j'. But if

n—(n—i+1)+a+j’

this holds, then we know from equation (1) that ma(Zy—it1, k) = Ta(Tp—it1, Thr1) = -

for this integer 7. Thus ma(y_is1, %K) — Ta(Tpn_it1, Ter1) = 0 and wa(x;, Tpr1) — walzs, ) =
TA(Tn_iv1,Tk) — TA(Tp_is1, Try1) holds in this case.
Case 2: Suppose k =i+ a+ 27 — 1 does not hold for any positive integer j. In this case, we have

k = i+ a+ 27 for some nonnegative integer j and k+1 = i+a+2(j+ 1) — 1 for this same integer j.

itatj—1 itat(GHD)=1 £ this
n n

Thus we know from equation (1) that ma(z;, ) = and 74 (x;, Tpr1) =

integer j. From this it follows that ma(x;, 1) — ma(wi, 1) = %

Since k = i+a+2j for some nonnegative integer j, k = n—i—a (mod 2), k = n—i+1—a—25'+1 for

some positive integer j', and k+1 = n—i+1—a—2(j'—1) for this same integer j'. Thus we know from

n—(n—i+1)+a+j’
n

it o '
and TA(Tp_it1, Tpy1) = — (n—it ZL+“+(] ) for this

equation (1) that ma(z,_i11, zx) =
integer j'. From this it follows that m4(x, i1, k) —7Ta(Tp_iz1, Thr1) = % = TA(Ts, Tpoy1) —Ta(Ti, T )
Combining this with the results from Case 1 shows that m4(z;, Tx41) — ma(@i, %) = TA(Tp—iv1, T) —

TaA(Tn_it1, Trs1) for all positive integers k satisfying i +a < k and k+1 <n—i+1—a. The result

then follows.

26



(c). First note from part (b) that D’s expected payoff from choosing the action xy is constant in
k for any k in the range i +a < k < n—1i+1—a. Thus the result holds for all positive integers k in
the range i +a < k <n—1i+1—a. So to prove the result, it suffices to show that if &k is a positive
integer satisfyingi—a+1 <k <i+a—1and k+1<n—i+1—a, then I[Ip(c?, x411) > Hp(c’, 1)
or (ot xy) > (0%, Tpy1).

Note that a(o%, xx) = 3(ma(@i, 2k) + Ta(Tpiv1, xx)). Thus Ia(o?,zy) > Ta(o?, 2p41) holds
if and only if %(WA(xi,:ck) + ma(Tp_iv1, TE)) > %(WA(a:i,ka) + Ta(Tp_it1, Ter1)) O Ta(zs, x8) —
Ta(Ti, Tra1) = TA(Tp_ig1, Thy1)—Ta(Tp_ir1, Tx). It thus suffices to show that ma(x;, xx)—ma(zi, Tpy1) >
0> ma(Tp_is1,Trs1) — Ta(Tn_ss1,x)) for all integers k satisfying i —a+1 < k <i+a—1 and
k+1<n—i+1—a.

Note that if k satisfies i—a+1 < k < i+a—1, then we know from equation (1) that ma(z;, zx) = 1.
From this it follows that if &k satisfies i —a+1 < k <i+a — 1, then my(z;, xx) > ma(x;, Tp11) and
ma(Ti, 21) — ma(®s, Tpgr) > 0.

Now I show that ma(x,_iv1,Tri1) — Ta(Tp_ir1,2x) < 0if k+1<n—1i+1—a. Iconsider two
cases:

Case 1: Suppose k+1=n—i+1—a— 27+ 1 for some positive integer 7. In this case, we have
k =n—i+1—a—2j for this same integer j and we know from equation (1) that ma(z,—iy1, Tps1) =

w for this integer j. Thus ma(x,_i11, Trs1) — Ta(Tpn_ir1, ) < 0 holds

TA(Tn—it1, Tk) =
in this case.
Case 2: Suppose k+1 =n—i+1—a—27+1 does not hold for any positive integer j. In this case,

we have k+1 =n—i+1—a—2j for some nonnegative integer j and k =n—i+1—a—2(j+1)+1

n—(n—i+1)+a+j
n

for this same integer j. Thus we know from equation (1) that ma(2,—i11, Trt1) = and

n—(n—i+1)+a+
n

U+D) for this integer j and mA(Tp—iy1, Tpi1) —TA(Tp_iv1, Tp) = —% <0.

TA(Tn—it1, Tk) =
Thus ma(p—iv1, Thr1) — Ta(Tp_iv1, k) < 0 holds if K+ 1 <n —1i+1— a. The result follows.

(d). To prove the result, it suffices to show that if k is a positive integer satisfying i —a+1 < k <
i+a—1land k+2<n—i+1—a, then lIp(c’, xp12) > Up(c*,xx) or Ma(c", x1) > Ua(c", Tpra).
Now Iy (0%, 23) = %(T(A(:L‘i,l‘k) + TA(Tp_iy1,7x)). Thus I4(0%, xx) > I4(0%, 24 2) holds if and only
if %(WA(%’, Tr) + TaA(Tp—it1, T)) > %(WA(%, Tpi2) + TA(Tpoit1, Trya)) OF Ta(X, k) — Ta(Ti, Tpyo) >

TA(Tn_iv1, Thro) — Ta(Tp_ir1, 2x). It thus suffices to show that ma(z;, ) — ma(2;, o) > 0 >
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TA(Tn—is1, Thro) — Ta(@p_ir1, zx) for all integers k satisfying i —a+1 < k < i+a—1 and
Ek+2<n—i+1—a.

Note that if k satisfies i—a+1 < k < i+a—1, then we know from equation (1) that m4(z;, zx) = 1.
From this it follows that if k satisfies i —a+1 < k < i+ a — 1, then m4(z;, x) > mwa(x;, Tp12) and
wa(x;, xp) — ma(xy, Trao) > 0.

Now I show that ma(2,_it1, Tki2) — Ta(Tp_it1,2x) < 0if k+2 <n—1i+1—a. I consider two
cases:

Case 1: Suppose k+2 =n—i+1—a — 2j + 1 for some positive integer j. In this case, we
have k = n—i+1—a—2(j 4+ 1)+ 1 for this same integer j and we know from equation (1)

that mA(Tn_it1, Theo) = ”_(n_l—:lHaﬂ and T4(Ty_iy1,T1) = n_(n_i+i)+a+j+1 for this integer 7. Thus

TA(Tn—it1, Thro) — TaA(Tp_it1, Tp) = —% < 0 holds in this case.
Case 2: Suppose k+2=n—1i+1—a— 2j + 1 does not hold for any positive integer j. In this

case, we have k42 = n—i+1—a—2j for some nonnegative integer j and k =n—i+1—a—2(j+1)

for this same integer j. Thus we know from equation (1) that ma(x, i1, Tri2) = % and
TA(Tp_iy1, Tk) = n_(n_iﬂgwﬂjﬂ) for this integer j, meaning ma(Tn_iy1, Thr2) — Ta(Tp_iv1, Tx) =
—% < 0. In either case, we have m4 (2,11, Tpr2) — TaA(Tp_ir1, ) < 0 and the result holds.

O
Lemma 3. There is an equilibrium in which A uses a symmetric strateqy o = (01,...,0y,) such
that o; = 0 for all positive integers i satisfying 1 <1i < a — 1.
Proof. Consider some ¢ € X4, Since ¢ is a symmetric strategy, we can write o = Z?:/ f 20,0

Now consider the alternative strategy o’ given by o’ = 320" 20,0% + Z@/ 2

= 20,0". Note that o’ is a

symmetric strategy with o; = 0 for all positive integers ¢ satisfying 1 < ¢ < a — 1. Thus to prove
the result it suffices to show that ¢’ is also a maxminimizer strategy. And to prove this it suffices
to show that [14(0’,zx) > I14(o, 2x) for all k. I thus seek to prove I14(0’, xg) — l4(0, 2,) > 0 for
all k.

Note that o’ — o = 397! 20:(0% — ¢%). Thus T (0", z1) — Ha(o, x) = 207 20;(M4(0%, 24) —
Ha(c’,x1)), and to prove that [4s(o’,zx) — Ha(o, ) > 0 for all k, it suffices to show that
M4 (0%, x1) — H4(0% 2) > 0 for all k and all positive integers 7 satisfying 1 <i < a — 1.

Now we know from Lemma 1(c) that if D chooses an action z; with k& < %, then A’s payoff from

using a strategy o' with i < k +a and i < 5 is nondecreasing in 7. But for any positive integer ,
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n

5 and any positive

we have i < k +a and ¢ < 7 for all positive integers ¢ < a. Thus for any & <
integer i satisfying 1 < i < a—1, we have IT4(0%, x1) > Ta(0?, x1,) and I4(0®, x1) —a(c?, 21) > 0.

But for any symmetric strategy o, we have I 4(o,x;) = a(0,2,_gr1). Thus if (0%, xy) —
M4(0% zx) > 0 for some k, then T4(0% 2y p11) — Ma(0?, 2y _gr1) > 0. But this means that if
4 (0%, x1) — (0% 2) > 0 holds for all k < % and any positive integer i satisfying 1 <i <a —1,
then I14(0® @) — Ila(0’,2%) > 0 also holds for all k& > % and any positive integer i satisfying
1 <i < a-—1. But then I4(c% x) — Ia(c?,21) > 0 holds for all k£ and all positive integers i

satisfying 1 < i < a — 1. The result then follows.

Lemma 4. Suppose A uses a symmetric strateqy o that has a gap at x; for some positive integer i
satisfying a +1 <1 < 3. Also suppose that oy > 0 for this i. Then it is not a best response for

D to take the action x;_,.

Proof. To prove this it suffices to show that either Ilp (o, z;—q+1) > Up(o, 2i—,) or Hp(o, i—gi2) >

lp(o,z;—,) if A uses a symmetric strategy o that has a gap at x; for some positive integer i

satisfying a +1 < i < 7. Now since o is a symmetric strategy, we can write o = Z?L 21 2007,
And since o has a gap at z;, we know that o; = 0. Thus o = 23;11 20,07 + Z;ﬁ 120507 and

p(o,zp) = Z;;ll 20;11p (07, z) + zyﬁﬂ 20;11p(07, xy) for all k. I consider two cases:

Case 1: Suppose o; > 0 for some positive integer j satisfying i +1 < j < 2. We know from
Lemma 2(a) that Ip(07, z;_q41) > IIp(0?, x;_,) for any such j. And we also know from Lemma
2(c) that Mp(0?, x;_qy1) > Mp(0?, x;,) for any j < ¢ — 1. Combining these results with the fact
that IIp (o, x1) = Z;;ll 20,11p (07, zy) +Z?£+1 20,11p (07, xy) for any k shows that IIp(o, x;—g41) >
p(o, xiq).

Case 2: Suppose 0; > 0 does not hold for any positive integer j satisfying 1 +1 < 7 < 4. In
that case, we have o;_1 > 0 and IIp(o, ) = Z;;ll 20;11p (07, z). Now we know from Lemma 2(d)
that TIp(o™, 2_ay2) > Ip(c" 1 2;_,). And we know from Lemma 2(c) that IIp(07, z;_q42) >
Hp(o?,z;_,) for all j < i — 1. Combining this with the facts that o; 1 > 0 and IIp(o,x;) =
22;11 20,11p (07, x) shows that ITp (0, 2;—q42) > Hp(0, ;). Thuseither IIp (0, zi—qi1) > Hp(o, 2i-4)

or lp(0,z_q12) > p(o, z;_,) and the result holds.
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Theorem 2. There is a strategy in 2 with no gaps. Furthermore, if there is a strategy o € L2
such that o; > 0 and o; = 0 for all i < j for some j < %, then for this j there is also a strategy

o' € X4 with no gaps such that 0% >0 and o; =0 for alli < j.

Proof. We know from Lemma 3 that there is a strategy in ©4. Any such strategy o is a symmetric
strategy so o; > 0 for some 7 < 7 for any such strategy. Thus for any such strategy o there is some

J < 5 such that o; > 0 and o; = 0 for all i < 5. Consider some such j and let ij denote the set

of strategies in ¥4 for which o; > 0 and o; = 0 for all i < j. To prove the result it suffices to show
that there is a strategy in ij with no gaps.

Suppose by means of contradiction that there is no strategy in zg‘j with no gaps. In that case,
all strategies in Efj have gaps. Let r denote the smallest integer such that there is a strategy in

A . . . . . . . . A
Y;; with r distinct gaps or r distinct integers ¢ such that there is a gap at z;, and let 375, denote

the set of strategies in ij with exactly r gaps.

A

Now let 7 denote the smallest integer ¢ such that there is a strategy in %75, with a gap at x;. Note

A
ajr

that a +1 <4 < Z: If there is a gap at ; in some strategy o € ¥, for some i > 7, then since o is

a symmetric strategy, there is also a gap at r,_;;1, meaning there is a gap at some z; with i < 3.

A
ajr

And since any strategy o € ¥2. has o; = 0 for all positive integers ¢ satisfying 1 < i < a — 1, the

smallest ¢ for which we can have o; > 0 is ¢+ = a and the smallest ¢ for which there can be a gap at

A

z; is @ =a+ 1. Thus if 7 is the smallest integer such that there is a strategy in %7 with a gap at

xi,wehavealegig%.

A

Now let o denote a strategy in X7, with a gap at x;. Since i is the smallest integer such that o
has a gap at x;, it follows that o;_; > 0. And since a+1 <7 < 7, it follows from Lemma 4 that if A
uses the strategy o, then it is not a best response for D to choose the action z;_,. In particular, if
I = max;<g<, lp (0, 2x) denotes the maximum payoff that D can achieve when A uses the strategy
o, then Ilp(0,z;_,) < I

Now let o¢ be the strategy defined by 0 = 0 — e0*~! + eo?. Since o;_; > 0, for sufficiently small
e > 0, we have 0f_; > 0 and 0° > 0. Thus o€ is a feasible symmetric strategy. Furthermore, since
of > 0, ¢ has fewer gaps than ¢ (and ¢ may even have no gaps). Thus to obtain a contradiction,

it suffices to show that o¢ is a maxminimizer strategy for some sufficiently small ¢ > 0 or that

Ip(o, x,) <II for all k if € > 0 is sufficiently small. I first show that this holds if k£ < 5.
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Since IIp(o, xx) is continuous in o for all k, for sufficiently small € > 0, we have IIp(0€, x;_,) < II.
Thus to prove that IIp(c, z) < II for all & < % if € > 0 is sufficiently small, it suffices to show
that IIp (o€, 2x) < Hp(o,zy) for all k < § with k # i —a if € > 0 is sufficiently small. Now 0 — 0 =
e(c* — o 1). Thus for all k, Up(c¢, ) — lp(o,zx) = e(p(o’, z) — Mp(c™t, z;)). So for e > 0,
p(o¢, x1) < p(o, x;) holds if and only if IIp(c?, zx) < Ip(o't, xy) or (0%, zx) > Ma(c®t, ap).
So to prove that IIp(o¢, x;) < II for all & < 7 if € > 0 is sufficiently small, it suffices to show that
(0, z) > Ma(o" ", ay) for all k < % with k # i — a.

Now if i —a < k < %, then we know from Lemma 1(c) that IT4(0?,z) > Il4(0" ", x;). And
if ¥ <i—a—1, then we know from Lemma 1(a) that II4(o% z3) = IT4(c*" !, ). Thus we have
My(0f zp) > Ta(o 1, ap) for all k& < 5 with k # 4 —a, and IIp(0, ;) < Il forall k < 5 if e > 0 is
sufficiently small.

But since o€ is a symmetric strategy, I1p(c¢, zx) = lIp(0¢, 2, _g11) for all k. Thus since IIp (o€, xx) <
IT for all £ < % if € > 0 is sufficiently small, we also have IIp(c¢, x;) < II for all k if € > 0 is suffi-
ciently small. But I have indicated that this contradicts my assumption that there is no strategy

in EaAj with no gaps. Thus there is a strategy in ij with no gaps and the result follows.

O

Theorem 3. Let j be the smallest positive integer such that there is some o € Y2 with oj > 0.

Then in every equilibrium (o?,0P), all actions of the form x; with j <i <mn — j+ 1 must be best

responses for A to D’s strategy.

Proof. If j is the smallest positive integer such that there is some o € ¥4 with oj > 0, then the fact
that all strategies in ¥4 are symmetric means that j < 5. Also, since j is the smallest such integer,

it follows that if o € X2 has o; > 0, then o; = 0 for all i < j. We thus know from Theorem 2 that

A A

there is a strategy o4 € ¥4 with no gaps such that o; "> 0. Any such strategy takes all actions of

the form z; with j <7 <n — j 4 1 with positive probability.

A

Now suppose (0, o) is an equilibrium. In that case, 0" is a maxminimizer strategy for A, o”

is a maxminimizer strategy for D, and (64, ¢P) is also an equilibrium. But ¢4 is a strategy that

takes all actions of the form x; with j < i <mn — 54 1 with positive probability. Thus all actions of

the form x; with j <i <n — j+ 1 are best responses for A to D’s strategy. But I have indicated

that this holds for any equilibrium (¢4, o). Thus in every equilibrium (o4, "), all actions of the
form z; with j <7 <n — j 4 1 must be best responses for A to D’s strategy.
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Theorem 4. Suppose there is a strateqy in X2 such that one of D’s best responses to this strategy
is xj for some j < § —a. Then there is also a strategy in 4 such that all actions of the form xy,

with j < k < § — a are best responses for D.

Proof. Consider some j < 7 — a such that there is a strategy in ¥4 in which one of D’s best

responses to this strategy is z;. Suppose by means of contradiction that there is no strategy in 32
such that all actions of the form z; with j < k < 7 — a are best responses for D. In that case, if
A uses a strategy in X2 such that one of D’s best responses is z;, then there is some k satisfying
J < k <5 — asuch that z; is not a best response for A.

Let h denote the unique integer satisfying j < h < 7 — a such that A has a strategy in ¥4 for
which all actions of the form z; with j < k < h are best responses for D but A does not have a
strategy in X7 such that all actions of the form z;, with j < k < h are best responses for D. Also let

EA

a;n denote the set of strategies for A in 34 such that all actions of the form z; with j < k < h are

best responses for D. Finally, let @ = sup,cya Ilp(0,2,) and for any o € Efjh, let IT = Ip(o, ;).
aj

I claim that there is a strategy o € X2, such that IIp(o, z;) = . To see this, let {o(W}22, denote
an infinite sequence of strategies such that o e Eﬁjh Vr and lim,_ HD(O'(T), xp) = 7. Note that

o™ €%, Vr. Sosince 3, is a compact set, the infinite sequence {o"1}°° | has a limit point in 3.

Now let o denote one of the limit points of the sequence {¢}>° in ¥,. I seek to demonstrate

that o € ijh and Tlp(o,7,) = 7. First note that there is some subsequence of {0}, say

{o(")}2 | such that lim,_ ., 0("™) = & since ¢ is a limit point of the sequence {o(}22,.

Now I1p (o), x;) = II for all k satisfying j < k < h, lim,_o IIp(c"), 23) = 7, and I p (") 2,) <

A

IT for all positive integers k since each o) is in Zajh. But limg .o, 0"*) = ¢ and IIp(o, xy) is con-

tinuous in o for all k. Thus these facts imply that Iy (o, x;) = II for all k satisfying j < k < h,
lp(o,z,) = m, and IIp(o, xx) < II for all positive integers k. And these facts together imply that

o€ Efjh and Ilp(o, zp) = 7.

A

Since o € ¥, but there is no strategy in ¥4 such that all actions of the form z;, with j <k <h

are best responses for D, it must be the case that IIp (o, z,) < IIp(o,x,_1) and 7 < II. To obtain

a contradiction, it thus suffices to show that there is some o’ € Eg‘jh for which 7 < I p (o', z;) <TI,

as this would contradict the definition of 7.
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First I show that oj,4,_1 > 0. To show this, note that it suffices to show that IIp(o?, z,) >
p(o?, xy_1) for all positive integers i such that i < 5 and i # h +a — 1: For any symmetric strat-
egy o, we have 0 = 372 20,0° and Tlp (0, z1) = Y72 20,11 p(0%, x1,) for all k. Thus if Tp(a, z,) <
p(o,zp-1), then Z?ﬁ 20,llp(o", xy) < Z?ﬁ 20,11p (0%, xp_1) and 20440 1(p(o™To ™ 2y y) —
Ip (0" @) > Y2 20,(Ip(0?, ) — T (0, i) + 300 0 203 (Up (0%, 1) — (07, 1))
But if IIp (0, ;) > Ip(o*, 2;,—1) for all positive integers ¢ such that ¢ < % and i # h + a — 1, then
this expression implies that 20,1 (I p(c"** 1 2y 1) — Hp(a"*= 1 2)) > 0. Since this can only
hold if o7,44_1 > 0, it suffices to show that IIp(o?, x5) > Ip(o?, z,_1) for all positive integers i such
that i« < 3 and ¢ # h +a — 1 in order to prove that oj4q—1 > 0.

Now if h+a < i < %, then we know from Lemma 2(a) that IIp(c", z) > IIp(0’, 25-1). And if
1 <i < h+a—2, then we know from Lemma 2(c) that IIp(o?, z3) > IIp(o?, z;,_1). But this means
that p(o*, x5) > p(c?,x,_1) for all positive integers i such that i < 2and i # h+a— 1. From
this it follows that oj,1,1 > 0.

Now let o€ be the strategy defined by ¢¢ = 0 — ea" T~ 4+ ea". Since oj44-1 > 0, for sufficiently

small € > 0, we have o, | > 0 and 0 > 0. Thus o° is a feasible symmetric strategy. To obtain a

A
ajh

contradiction, it suffices to show that for sufficiently small € > 0, o€ is a strategy satisfying ¢ € X
and Ilp (o€, ) > 7. To prove this, it suffices to show that [Ip(c¢, x;) < II for all k if € > 0 is
sufficiently small, I1p (o€, zx) = [Ip(o, xy) for all k satisfying j < k < h, and lIp (o€, xp,) > p(o, xp)
if e > 0.

First I show that IIp(c€, x) <II for all k if € > 0 is sufficiently small. To do this I first consider
the case where k < Z. Since IIp(o, z;) is continuous in o for all k, the fact that Ilp(o,x;) < II
means that IIp(c¢, xp) < II for sufficiently small € > 0. Thus to prove that IIp (o€, zx) < II for all
k < % if € > 0 is sufficiently small, it suffices to show that IIp(c€, 1) < Ilp(o, x) for all k < 5
with k& # h if € > 0 is sufficiently small.

Now 0¢ — 0 = €(o"t® — g"*ta=1). Thus for all k, IIp(c¢, z) — lp(o,21) = e(llp(c", xp) —
[p(o™Tet ). So for € > 0, Tp(0€, zx) < lp(o,x;) holds if and only if [Ty (c€, x1) — M p(o, 1) <
0, which holds if and only if IIp(c""% x3) — TIp(o" ™oL ) < 0 or Ha(a"t® 2p) > Ta(0" T 2p).
So to prove that IIp(o¢, x;) < II for all & < 7 if € > 0 is sufficiently small, it suffices to show that

Iy (o™, xp) > Ta(o" T ay,) for all k < 2 with &k # h.
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Now if h < k < %, then we know from Lemma 1(c) that TL4(c""%, 2;) > TL4(c" " 2;). And
if kK < h — 1, then we know from Lemma 1(a) that IT14(c"*?, z) = T4(c""% 1, ;). Thus we have
[T (o™, xp) > Ta(o™ T 2y for all k < 2 with k # h, and IIp(0€, 2;) < Il forall k < Zife> 0
is sufficiently small.

But since o€ is a symmetric strategy, [1p(0€, xx) = [Ip(0€, £, k1) for all k. Thus since IIp (o€, ) <
IT for all k < % if € > 0 is sufficiently small, we also have IIp(c€, z) < II for all k if € > 0 is suffi-
ciently small.

Now I show that IIp(c¢, xx) = p(o,xx) for all k satisfying j < k& < h. Since Ilp(c¢, xy) —
p(o, xp) = e(llp(c™t® xp) —p(a™T2=1 2;)) for all k, to prove that Ilp(c€, 2;) = Ip(o, z3) for all
k satisfying j < k < h, it suffices to show that IIp(c"e, x;) = [Ip(c"Te L, x) for all k satisfying
j <k < h. But it follows immediately from Lemma 1(a) that Ip(c"t% x;) = Hp(c"T* 1 2;) for
all k satisfying j < k < h. Thus [Ip(c¢, xx) = lp(o, xx) holds for all k satisfying j < k < h.

To finish the proof, I only need to show that 1 (0¢, z5) > llp(o, z) if € > 0. Since I p(c€, xp) —
p(o,zn) = e(Ilp(a"t® xy) — p(atet 21)), to prove that Ip(o€, z,) > Ip(o,xp) if € > 0,
it suffices to show that Ip(c"™ x;) > Hp(c™T™t z;) or Ta(0™™ xp) < Ha(e" 1 2). Now
Ia(0’, zk) = $(ma(@s, 2) + Ta(Tp—it1, 21)). Thus ILa(c"™, z) < Ha(o" T, 21,) holds if and only
if %(WA('Tthmiﬁh) + TA(Tp_p—qt1, 7)) < %(WA(-T]H_a_l,.CEh) + TA(Tp—h—ar2, %)) O TA(Thia—1,Th) —
TA(Thias Th) > TA(Tn_n—at1, Th) — TA(Tn_p—_ar2, Tp). In order to prove that IIp (o€, xp) > [p(o, xp)
if € > 0, it thus suffices to show that ma(xpie_1,2n) — TaA(Thia, xn) > % > Ta(Tp—h—at1,Tn) —
TA(Tn—h—at2, Th)-

To see that ma(Thia—1,%n) — TaA(Thia, Tn) > %, note from equation (1) that ma(xpia_1,2n) = 1
and Ta(Tpia, Th) = ”n;h Thus Ta(Thta-1,%n) — TaA(Thia, Th) = % But x,_1 is a feasible policy in
the policy space, so h —1 > 1 and h > 2. Thus 7a(Thia—1,2n) — TaA(Thia, Th) > % > %

To see that ma(@y_p—ai1,%n) — TA(Tn_p—ar2, Th) < %, first let ¢ = n — h — a + 1. Note that if

n—ita+j

h = i—a—2j+1 for any positive integer j, then from equation (1) it follows that ma(z;, z) = =,

Ta(Tii1, ) = w, and TA(Ty_h—ar1, Th) — TA(Ty_h_aro, Tn) = % Andifh=i—a—25+1

does not hold for any positive integer j, then h = ¢ — a — 2j for some nonnegative integer 5 and

h=i4+1—a—2(+ 1)+ 1 for this same integer j. But then we see from equation (1) that

_ n—ita+tj _ n—(i+1)4+a+j+1 _ n—itatj :
mTa(xi, zp) = = and (T, Th) = ~ = L meaning T4 (Tn—h—at1, Th) —
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TA(Tn—n—ar2,Tn) = 0. In either case, we have Ta(Ty_p—ar1,Tn) — Ta(Tn—n—ar2, Tn) < % From this
it follows that I1p(o€, xp) > p(o, xp) if € > 0.
But then we see that for sufficiently small € > 0, o€ is a strategy in zg‘jh for which ITp (o€, ) > 7.

This contradicts the definition of 7= and proves the desired result.

O

Theorem 5. If o € ¥4, then one of D’s best responses to o is to choose an action of the form xy

for some positive integer k < 5 — a.

Proof. Suppose by means of contradiction that o € ¥/, but none of D’s best responses to o is to
choose an action of the form x; for some positive integer £ < § — a. First I show that if one of D’s

best responses to o is to choose x,/3_q+1, then o; > 0 for some 7 < § — 2.

Since ¢ is a symmetric strategy, we have o = Z?ﬁ 20,0°. Thus if o; = 0 for all i < 5 =2,

then o = 20,,/9_10"*1 + 20,,50™? and Ilp(0, x1) = 20,/ 11p(c™*7 1, 1) + 20, 11p (™2, ).
Now if @,/2_q11 is one of D’s best responses to o but D does not have a best response to o
that is of the form z; for some positive integer & < § — a, then IIp(0, z,/2-a+1) > Up(0, 2n/2-0)

n/271’ xn/27a+1) - HD(O—n/zila xn/Qfa)) +

or Up(o, Tnj2—q+1) — Up(0,Tr/2-0) > 0 or 20,0 1(IIp(o
20,/2(p (0™, 0 2—ar1) — p(6™?, 2 /9-4)) > 0. This requires that either ITp(o™27Y, 2,90 q11) >
Ip(o™27 Y 2y)9-0) or Up(0™2, 2,9 ar1) > Up(0™/?, 2,54). Thus to show that o; > 0 for some
i < 2—2if one of D’s best responses to o is @, /2_q1, it suffices to show that IIp (™!, 2, /2_q11) <
HD(O'n/271,ZL‘n/2_a) and HD(U"/Z,:En/Q_aH) < HD(U”/2,xn/2_a). Proving this amounts to showing
that HA(U"/2*1,xn/2,a+1) > Tl (o™?7 1, Tp/2—q) and I4(0™/2, Tpj2—at1) = 4 (0™, Tp/2—a)

Recall that 4 (0%, z) = 2 (ma(zs, z) + Ta(@niv1, 2x)). Thus (0’ 2ps1) > Ia(o?, 2x) holds
if and only if %(WA(%, Tri1) + Ta(Tp—ig1, Thy1)) > %(WA(xia Tk) + TA(Tniv1, Tk)) OF TA(Ti; Tpy1) —
ma(Ti, 21) 2 TaA(Tn—ig1, Th) — Ta(Tn_it1, Tryr).

To show that 4 (0™, 20— q11) > Ha(0™?7, 294, it thus suffices to show that

7T-A(J:n/2—la xn/2—a+l) - 7TA<xn/2—17 xn/2—a) > WA(IH/Q-i-Qa xn/Q—a) - 7TA(£TL/2+27 xn/2—a+l)' Now by equa-

n—(n/2+2)+a+1
n

tion (1) it follows that 74 (n/242; Tnj2—a) = Ta(Tn/242, Tnj2—at1) = and 74 (%n/2-1, Tnj2—a)

TA(Tnj2-1, Tnjo—ar1) = 1. Thus Ta(Tn/2-1, Tnja—at1) = Ta(Tnj2—1, Tnja—a) > 0 > Ta(Trj242, Tnjo—a) —

TA(Tn/212, Tnja—ar1) and we have 4 (0™2 7 2,0 0i1) > Ta(0™? 1 2,0 4).

And to show that IT4(c™/2, Tpjo—at1) = IT4(c™/2, Tp)2—q), it suffices to show that 74 (2 2, Tn/2—at1)—

Ta(Zn/2, Tnjo—a) = Ta(Tpj241s Tnja—a) — Ta(Zn/24+1, Tnj2—at1). By equation (1) it follows that
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— 2+1 1 — 2+1 —n/2
7TA<xn/2+laxn/2—a) = %) 7TA(££n/2+17xn/2—a+1) = M7 7-(-,4(3771/27an/?—a) = %/Jraa
2
and 71-A(l’n/%xn/?—a-{—l) = 1. Thus 7TA(ITL/Zamn/Q—a—f—l)_77-,4(1:71/27xn/Q—a) - n/n - 2 % - 7TA(£n/2+17xn/2—a)_

TA(Tn/241, Tnja—ar1) and we have I4(0™2 zy/0-gi1) > Ha(o™?

,Tnj2—q). Thus we have both
HA(J”/Q*I,QU”/Q,GH) > HA(O'n/Qil,ﬁL'n/Q,a) and HA(U”/Q,xn/Q,aH) > HA(U”/Q,xn/Q,a), soo; >0
for some 7 < 5 — 2 if one of D’s best responses to o is T/2_a41-

Now let 0¢ = (1 — €)o + €0™? for some arbitrarily small € > 0. Next I seek to show that if z;, is
a best response to o for some k satisfying § —a+2 <k < § +a — 1, then lp(o, 2) < Hp(o, z)
for any € > 0. To see this, first note that if z; is a best response to o, then since w,/5_, is
not a best response, we have Ilp(o,z,) > Ilp(0,2n/2-a) > 0. Thus IIp(o,z) > 0 for any &
satisfying 2 —a+2 < k < 2 +a— 1. Also, from equation (1) it follows that IT4(c™/?, x;) =
%('/TA(mn/Q,l'k) + Ta(Tnj241, 7)) = 1 for any k satisfying § —a+2 < k < § 4+ a — 1. Thus
Ip(0™/?,z) = 0 for any such k. But Ip(o 2;) = (1 — e)llp(o, zx) + ellp(a™?, 2;) for any k.
Thus if (0, 2) > 0 and Ip(0™2, 2;) = 0, then I1p (o€, z) < lp(o, x1) for any € > 0. From this
we see that if z is a best response to o for some k satisfying § —a+2 < k < § +a — 1, then
Ip(o, x,) < p(o,zx) for any € > 0.

Now I derive a contradiction to the assumption that o € ¥4, but none of D’s best responses to
o is to choose an action of the form xj for some positive integer k < 5 —a. I consider two cases:

Case 1: Suppose T, /2_q+1 is not a best response to o for D. In this case, all actions of the form
7y, for positive integers k¥ < § — a + 1 are not best responses to o for D. And o is a symmetric
strategy, so llp(o,zx) = llp(o, z,_ks1) for all k£ and all actions of the form x, ., for positive
integers k < § — a+ 1 are not best responses to o for D either. Thus any best response to o for D
must be of the form x;, for some £ satisfying § —a+2 <k <5 +a— 1.

Now let I = Ilp(o, x1), where zy, is one of D’s best responses to o. I seek to show that if € > 0

is sufficiently small, then IIp (o€, x;) < II for all k. In this case, o would not be a maxminimizer

A A_

strategy for A because o than o

= 0¢ would achieve a greater value of min,p IT4(c?, o7) 0.

To see this, first note that if x; is a best response to o, then § —a+2 <k < 5 +a—1, and
we know that IIp(o€, zx) < IIp(o,x) for any € > 0. And if z is not a best response to o, then
IIp(o, x) < I, and since Ilp is continuous in o, IIp(c€, ) < II for sufficiently small € > 0. But

this means that for sufficiently small ¢ > 0, we have IIp(0€, zx) < II for all k. Thus it cannot be

the case that x,,/2_411 is not a best response to o for D.

36



Case 2: Suppose Ty /2_q4+1 is a best response to o for D. In this case, we know that o; > 0 for

somei§§—2.

First note that I1a(6™?, 2p2—at1) = Ha(0™* 2o ar1) > Halo?, @po_arr) for any i < 2 —

2. To see that HA(O-n/Q,xn/Q_a+1) = HA(U"/Zfl,xn/g_aH), note that the fact that IT4(c%, x;) =
L(malwi, z) + ma(Tp_it1, xx)) means that I1a(6™?, 22—a41) = Wa(0™* 1, 2/9_4+1) holds if and
only if %(WA(ZEn/z, Tnj2—a+1) FTA(Tpj2415 Tnja—at1)) = %(WA(xn/2fl7mn/2fa+1)+7TA(xn/2+27mn/27a+1))~

But we know from equation (1) that 74 (2, 2, Trn/2—at+1) = Ta(@n/2-1, Tnj2—at1) = 1, Ta(Tnj212, Tnjz—at1) =

n—(n/24+2)+a+1
n

IL4(0™%7 1 2, /2—4+1) indeed holds.

) and WA(:CR/Q-‘y-l? J;71/2—(1-1—1) - w = 7TA<xn/2+27 xn/Z—a—l—l)- Thus HA(Un/27 xn/2—a+1) -

Now I 4 (™2, Tny2—at1) > Ha(0", 22— q41) holds for i < 5—2if and only if %(WA(ZEn/27 Tp/o—at1)+
TA(Tn/241, Tnj2—at1)) > %(ﬂ—A(xiaxn/2fa+1)+7TA(xn—i+17xn/QfaJrl)) Or TA(Tn /2, Tnj2—at1) —TA(Ti; Tnj2—at1) >
TA(Tn—it1, Tnj2—at1) — Ta(Tn/2+1, Tnj2—as1) holds for i < & — 2. But ma(2n/2, Tnj2—at1) = 1, 50
TA( T2, Trnj2—a+1) = Ta(Ti, Tnj2—ar1) > 0. And if : < § —2, then n —i+1 > 7 + 3, and voters with
ideal points no greater than z,,/o_4» all strictly prefer to vote for candidate D if 24 = x,,_;11 and
Tp = Tnja—at1- Thus T4(Tn—it1, Tnj2—at1) < w if i <5 — 2. Combining this with the fact
that 7a4(n/241, Tnj2—at1) = w shows that Ta(Tn—it1, Tnj2—at1) — Ta(Tpnj241, Tnj2—at1) <
—% if i < § — 2. Thus m4(Tn/2, Tnj2—a+1) — Ta(Ti Tpjz—at1) = 0 > TA(Tp_it1, Tnj2—at1) —
TA(Znj2415 Tnj2—as1) if © < & —2, and IA(0™2, 2 2ar1) > Ta(0%, 0 /2—ap1) holds if i < 22

Now let IT = IIp (0, Zpja—at1). Since o = Z?ﬁ 20;0", we have Ilp(0, Ty /9-at1) =
Z?ﬁ 20,11p (0%, Tnjo—at1) = 2(0nja—1+0,2)p (0™, xn/g_aﬂ)—i—Z?ﬁ_z 20,11p (0", Ty /2—g+1). Com-
bining this with the facts that IT,(c™/2, Tny2—at1) > Ha(0", Ty /9—q41) (and thus Ip(c™?, Tpj2—at1) <
5 (0, 22—at1)) holds for i < 2—2, and o; > 0 for some i < 2—2 means that IIp(0™/%, 2, /2_q11) <
IT: If we had Hp(0™2, 2, /2_41) > 11, then we would have IIp(0%, 2, /2_q41) > 11 for any i < 22,
which would in turn mean that 2(0,,/2_1+0,,/2)[Ip(c™/?, xn/g_a+1)+2?ﬁ_2 20,11p (0", Tnj2—at1) > 1,
contradicting the fact that II = IIp(0, Zpjo—at1) = 2(0nj2—1 + 0ns2)Ip(0™2, Ty /2 ai1) +
Z?:/?_Q 20,11p(0", Zn/2—q11). Thus HD(U”/Q,xn/g_aH) < II.

I now seek to show that if € > 0 is sufficiently small, then IIp(c€ z) < II for all k. First I
consider the cases k = § —a+1 and k = § + a. Since IIp(0, Tpj2—ay1) = (1 — €)Ilp(0, 2y /2—a11) +

GHD<O'n/2, xn/2—a+1) and HD(O'n/Q, xn/2—a—|—1) <II = HD(O', xn/2—a+1); it follows that HD(O'E, xn/Q—a—i—l) <
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Hp(o, 2n/2-q+1) = II for any e > 0. And since o¢

is a symmetric strategy, Ilp(c¢, p/o1a) =
Hp (o€, 2nj2—as1) < II for any € > 0 as well.

Now if k < § —aor k> % +a+1, then x4 is not a best response to o for D and Ilp(o, ;) < II.
Thus since [Ip(o,xy) is continuous in o, if € > 0 is sufficiently small, we have IIp(c€, zx) < II as
well.

Finally, if 2 —a+2 < k < 2 +a— 1, then we have IIp(c™/2, z;) = 0. Thus since Ilp (o€, z;) =
(1 —e)lp(o, 21) + ellp(0™?, zp), if € > 0, we either have IIp (o€, z) = 0 or Hp (o€, 1) < Hp(o, z1).
In either case, we have IIp(c¢ x;) < II if € > 0. Thus for sufficiently small ¢ > 0, we have
[Ip(o€, ) < II for all k.

Thus regardless of whether we are in Case 1 or Case 2, we see that for sufficiently small ¢ > 0,

A

04 = 0¢ would achieve a greater value of min,n I14(c?, o) than 04 = o. This contradicts the

assumption that o is a maxminimizer strategy and proves the desired result.

Theorem 6. There is an equilibrium (04, o) in symmetric strategies characterized by two positive
integers ka and kp satisfying kp < 5 —a and a < ky < § such that the following hold:

(a). All actions of the form x; with ky <i <n—ka+1 are best responses for A to D’s strategy.

(b). o =0ifi <kaori>n—kas+1.

(c). All actions of the form x, withkp <k <5 —aand 5 +a+1<k <n—kp+1 are best
responses for D to A’s strategy.

(d). No actions of the form xy with k < kp or k > n — kp + 1 are best responses for D to A’s
strategy.

(e). kp+a—2<ks<kp+a.

Proof. From Theorem 1, we know that there is an equilibrium in symmetric strategies. We also
know from Theorems 4 and 5 that A has an equilibrium strategy in ¢ € X2 such that there is
some kp < 5 —a for which all actions of the form x; with kp <k < § — a are best responses for D
and all actions of the form x; with k < kp are not best responses for D. By the symmetry of D’s
payoff function, for any such strategy, all actions of the form x; with § +a+1<k <n—Fkp+1
are best responses for D, and all actions of the form x; with & > n — kp + 1 are not best responses

for D. Thus there is an equilibrium strategy for A which satisfies parts (c¢) and (d) of the theorem.
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Now let k4 be the smallest positive integer such that there is some o € ¥4 with o, > 0. We know
from Theorem 3 that if D uses some symmetric strategy o such that (¢, o) is an equilibrium,
then all actions of the form z; with k4 <i < n — k4 + 1 are best responses for A to D’s strategy.
And since 0 € ¥4 and ky is the smallest positive integer such that there is some o € ¥4 with
o, > 0, then we also know that aiA =0ifi<kygori>n—ky+ 1. Thus we know there is some
equilibrium (04, oP) in symmetric strategies that satisfies parts (a)-(d) of the theorem.

So to prove the theorem it suffices to show that kp+a—2 < ks < kp+a. To see that k4 < kp—+a,
first note that there is nothing to prove if kp = § — a since k4 < § by definition. So suppose that
kp < § —a and let ¢ be a positive integer satisfying kp +a +1 < ¢ < 5. Note from Lemma 2(a)

that Ip(o’, xx,11) > Ip(0?, 2y, ) for any such i.

A A

. . 2 i . .
is a symmetric strategy, we have o = Z:L:/ [ 200, Furthermore, since o = 0 if

i

Since o
i < ka, we have o4 = Z:ﬁA 200", Thus Ip(c?, x1) = Z?:/iA 20/M1p (ot x,) for all k. But then if
ka > kp+a+1, the result from the previous paragraph implies that IIp (04, x5, 1) > Hp(o?, xx,).
This contradicts the fact that zy,, is a best response for D to A’s strategy, so it must be the case
that k4 < kp + a.

Now I show that kp + a — 2 < k4. To see this, I first show that if i = kp + @ — 3, then o' is
not a best response for A to D’s strategy. In particular, I show that o**? affords A a strictly larger
expected payoff than o! against at least one action which D takes with positive probability, and
02 also affords A an expected payoff at least as large as o' against every action D takes with
positive probability.

To see this, first note that D must take some action x) with & < £ —a+1 with positive probability.
If the only actions D takes with positive probability are of the form x, with & > § —a + 2, then
the fact that D is using a symmetric strategy means that the only actions D takes with positive
probability are of the form x;, with & —a+2 <k < & +a — 1. But in this case, A could win
with probability one by choosing the action z,,3. This contradicts the fact that D is using a
maxminimizing strategy because if D were using the strategy ¢™/2~®, there would be no action A
could take that would win with probability one. Thus D must take some action z with k¥ < §—a+1
with positive probability.

Now if D takes an action with positive probability, then the action must be of the form z; or

Tp_py1 With kp <k < 3. And A’s expected payoff from using a strategy of the form o' is the same
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regardless of whether D uses the action x, or x,_j4;. Thus to show o2 affords A a strictly larger
expected payoff than o' against D’s strategy, we know from the previous two paragraphs that it
suffices to show that IT4 (0*2, ;) > T4 (0", x) for any positive integer k satisfying 2 —a+2 < k < %
and T4 (02, 23) > 114 (c*, 2;) for any positive integer k satisfying kp < k < 5—a+1.

Ifk>%5—a+2 then k+a—12> %+ 1. And since i = kp +a — 3 and kp < § — a, we have
1<5—3andi+2< 5 -1 Thusif%—a—l—?ﬁkzg 5, we have i +2 < k +a — 1 and we know
from Lemma 1(c) that IT4(c""2 z3) > a(0%, x1). So to prove the result, it suffices to show that
IT4(0"2, xy) > Ia(0", 2x) for any positive integer k satisfying kp <k <% —a+ 1.

Note that if i < k — a, then we know from Lemma 1(b) that IT4(c"™, z;) > I14(c", z;) and
we know from Lemma 1(c) that TT4(c""2 z;) > TLa(0"™, 2t). Thus Ia(0"2, 25) > Ta(0", z4)
if i < k—a. So to prove that II4(c™2 x;) > I4(0% xx) for any positive integer k satisfying
kp <k <% —a+1, it suffices to show that I14(0""2 ay) > (0", 2x) if kp <k < 2 —a+1and
1> k—a+1.

Now 4 (0%, x3,) = %(WA(IZ', 1)+ 7a(Tn i1, x)). Thus Iao(0"2, x1) > [4(0?, 2) holds if and only
if 2(ma(@igo, w) + Ta(@poic1, 2n)) > 3(Ta(@s, 2r) + Ta(Tpir, 2x)) or Ta(Tiso, xy) — malws, Tp) >
Ta(Tp_iv1, k) — Ta(Tp_i—1, k). It thus suffices to show that ma(xiio, xx) — malxs, ) > 0 >
TA(Tn—it1, Tk) — Ta(Tn—i—1, %) for all positive integers k satisfying kp < k < § —a + 1 and
1> k—a+1.

Since i < 5—3, we have n—i+1 > 2 +4. Thus the fact that k < 5 —a+1 implies that k < (n—i+
1)—a—3. From this it follows that either k = (n—i+1)—a—2j or k = (n—i+1)—a—2j+1 for some
positive integer j > 2. We then have either k = (n—i—1)—a—2(j—1) or k = (n—i—1)—a—2(j—1)+1

n—(n—i+1)+a+j for

for this same integer j. Thus it follows from equation (1) that m4(zp—it1, %) = -

n—(n—i—1)

DtetiL for this same integer j. But this

some positive integer j > 2 and wa(x,_i—1, Tx) =
means that m4(z, i1, k) — Ta(Tp_i_1,28) = —%. Thus 0 > ma(Tp—iy1, k) — Ta(xp_i_1, zx) for all
positive integers k satisfying kp <k < 5 —a+ 1.

Now I show that ma(x;y0, xx) — ma(x;, z,) > 0 for all positive integers k satisfying kp < k <
s—a+landi>k—a+1 Sincet+2=kp+a—1and k> kp, wehave k >i+2—-a+1. And
1> k—a+1implies k <i+24a—1. Thus we have i+2—a+1 < k < i+2+4a—1, and we know from

equation (1) that ma(x;42, ) = 1. But this immediately implies that w4 (240, %) — ma(zs, ) > 0
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for all positive integers k satisfying kp < k < 5 —a+1and ¢ > k —a+ 1. From this it follows that
[T4(0"2, xy) > Ia(0", ) for any positive integer k satisfying kp <k <% —a+ 1.

This means that if i = kp + a — 3, then o2 affords A a strictly larger expected payoff than o
against D’s strategy and o° is not a best response for A to D’s strategy. And since D is using a
symmetric strategy, A’s payoff is the same regardless of whether A takes the action x; or z, ;1.
Thus since 0%, a strategy which mixes between x; and x,_;;1, is not a best response for A to D’s
strategy, x; is not a best response for A to D’s strategy either. But this means that we cannot have

k4 < 4. From this it follows that k4 > kp +a — 2.

5
Theorem 7. limsup,_,, z(n,d) < max{+*,1 — 6}

Proof. Note that limsup,, . z(n,d) < % 5 because any strategy o € ¥4 has o; > 0 for some § < 2 5 by
So

definition of a symmetric strategy. Thus z(n, 0) < 2,2 < 5 for all n and limsup,,_, z(n, ) < 3.

to prove that limsup, . z(n,d) < max{? 14} it suffices to show that limsup, .. z(n,d) # A

302
for all A € (max{&?,1 -}, 1].

To see this, suppose by means of contradiction that limsup, .. x(n,d) = A for some A €

140 1

.5 — 0}, %] Consider some sufficiently small € > 0 and some sufficiently large integer N

(max

such that A — e — 2 > max{1$%, 1 — §}. Since limsup, . z(n,d) = A, we know there exists some

n > N for which there is some o4 € ¥4 satisfying 0 = 0 for all 7 such that z; < A — e. Since 0%
is a symmetric strategy, this implies that o' = 0 for all 4 satisfying z; € [A —e,1 — A +¢].

For this n, let ; denote the most liberal policy in X that is also in [A—e, 1—A+-¢€] and suppose that
A is using the strategy o given in the previous paragraph. I seek to demonstrate that this implies

that any best response for D, xy, satisfies either @y, € [2j_q, Zy/2-4) OF Tk € [Tr/24140, Tn—jt14a)-

I first note that £ > 24042 apd £ > 222042 Gince z; is in [A —€,1 — A+ €], we have 2; = =1 >

A —e. And since j < n, this implies that % > % > A—e. Now since A —e— 3 > max{2 1§}

32
I | 149 n _a—1_ n _ nt+a+2
we have A —e — = > 32 > - + oD 3+ % —3n and A —e > == And we also have
A-—e—2>1_§>n o > afl 0202 gng A — ¢ > 222082 Thys we have £ > 2ot2
n 2 2n n—1 2n n 2n 2n n 3n
J n—2a+2
and £ > m=0=
) ) ) 2
Since 0 is a symmetric strategy, we have o4 = Z?:/ 1 20/ ¢". Furthermore, since o* =0 if i < j,

we have o4 = Z"/Q 200", Thus Hp(c4, z;) = Z:L:/f 201 p (o, xy,) for all k. But if D chooses

some action zy < T;_,, then we know from Lemma 2(a) that IIp(c, xx1) > Hp(o, xx) for all i
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satisfying j < ¢ < §. Thus if D chooses some action z < z;_,, then p(o?, 211) > lp(c?, x),
and x, is not a best response for D to 4.

Now note that if D chooses the action x;_, when A uses the strategy o*, then D wins with
probability at least == because voters with ideal points z; < z,_, always prefer candidate D
to candidate A. By contrast, if D chooses some action x; € [%n/2-a+1,%n/2], then D loses with

> 222042 we have j > 2—a+1,

probability 1 whenever A chooses some action z; € [x;, x,, /2] Since ]
and all actions in [z}, z,, /2] are within a—1 grid points of all actions in [, /2—q+1, Tn/2]. Furthermore,
if D chooses some action j € [Zn/2-at1, Ty/2) and A chooses some action x; € [X,/211, Tn—jt1), then

n]a+1

D wins with probability no greater than since A wins whenever the median voter has ideal

point x,, > Z,_j_q+2. Thus if D chooses some action x, € [zn/g,aﬂ,mn/g], then D wins with

n]a—l—l

probability no greater than if A uses the strategy o4.

From this we see that if ]%“ > %ﬂaﬂ or3j>n+a+1orj> %‘“, then D obtains a greater
payoff by choosing the action z;_, than by choosing some action xj € [%,/2—q41, Tpn/2]. But we have
seen that 7]7 > %‘;“ and thus j > %‘“ Thus it is not a best response for D to choose some
action zy € [$n/2_a+1, xn/g] when A uses the strategy 4. From this it follows that if x;, < T2 1S a
best response for D to ¢4, then z; € [T—q, Tn/2—a|. Similar reasoning shows that if z > x,,/941 is
a best response for D to o4, then z;, € (%0 /241405 Tn—j+1+al-

Thus if A uses the strategy ¢, then any best response for D will only choose actions in either
[Tj—as Tnja—a] O [Tn/2+14a) Tnjt1+a) With positive probability. Now I seek to show that if D is using
some such strategy, o, then A could obtain a higher payoff by choosing some action from z;_; or
Tpn_j42 than by choosing the action x,, .

Note that if A chooses the action x,/, and D chooses some action in [7;_q4, Zp/2—o], then D wins
with probability at least £=% because voters with ideal points z; < xj_, always prefer candidate D
to candidate A. And if A chooses the action z,,/, and D chooses some action in [, /24144, Tn—j+1+a);
then D wins with probability at least == because voters with ideal points x; > z,_;i14, always
prefer candidate D to candidate A. Thus if A chooses the action x,/, and D uses the strategy P,
then A wins with probability no greater than = ] ta
By contrast, if A chooses the action x;_; and D chooses some action in [x;_q, Z;/2-4), then A

n— 2a+2

wins with probability 1: Since % > ,we have j > § —a+1land j—1> 3 —a,s0z; ;i

within a — 1 grid points of all policies in [z;_4, Zn/2—q]. And if A chooses the action x;_; and D
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chooses some action in [,/2114q; Tn—jt1+a), then A wins with probability at least J+a 2 because
voters with ideal points x; < xj4,_o always prefer candidate A to candidate D. Thus if 7 denotes
the probability with which o chooses an action in [z;_, Tp/2—a), then A wins with probability at
least ™+ (1 — ’/T)]—H+_2 if A chooses the action z;_; and D uses the strategy ¢”. Similar reasoning

shows that A wins with probability at least 1 — 7 4 7r(] 14022 if A chooses the action z,,_j o and D

uses the strategy oP.

Now if 7 > %, then 7w+ (1 —ﬂ)jJrZ*? > n+j2+na’2. And if 7 < %, then 1 —7T+7T(j+272) > ”*j;;“’Z.

Thus if D uses the strategy o, then A can win with probability at least %ﬂaﬁ by choosing some

action from x;_y or x,,_;4o. Thus if "J”QJ;“_Q > "‘ffa or3j >n+a+2orj> %‘”2, then A can win

with greater probability by choosing some action from x;_; or x,,_;4» than by choosing the action

7 > n+a+2 n+a+2

Tp/2. But since £ -

, we have j > Thus x,,/; is not a best response for A to o®.

Now we know from Theorem 3 that if (6, ) is an equilibrium, then z,,/» must be a best response

for A to oP. Thus from the previous paragraph we know that (o, o) is not an equilibrium if o”
is a strategy which only chooses actions in either [x;_q, Zn/2-a] OF [Zn/2414as Tnejt1+a] With positive
probability. But we have also seen that any best response for D to ¢4 must only choose actions in
[Tj—a, Tnj2—a] OF [Tn/2414a> Tn—jt+14a) With positive probability. Thus there is no equilibrium in which
A uses the strategy o*!, and limsup,,_,, z(n,d) = A cannot hold for any A € (max{*£2, 1 — 4}, 1].

Thus limsup, ., z(n,§) < max{12, 1 —4}.

Theorem 8. The probability the advantaged candidate wins the election is at least % + &

Proof. Suppose A uses the strategy o"/?

. Note that if A uses this strategy, then the action x, /2,
is a best response for D to A’s strategy: We know from Lemma 2(a) that D’s expected payoff
from taking the action x,/,_, is strictly greater than D’s expected payoff from taking the action
xp, for all & < 3 —a. We also know that if D takes an action x, with § —a +2 < k < 3,

then D loses with certainty. Finally, if D takes the action x,/5_,41, then D’s expected payoff is

%(WD<xn/2a xn/2fa+1) + 7TD<xn/2+17 xn/QfaJrl)) = %(0 + B a—l—l) = N/Q a+1 . But if D takes the action

n/2—a n/2—a

n n -

Tp/2—aq, then D’s expected payoff is %(Wp(a:n/g,xn/g,a) + Tp(Tpj241, Tnj2—a)) = 5

"/2 . And since § —a > 1, we have § —a+1 < 2(3 —a) and "/2;n“+1 < "/ifa. Thus D’s expected

payoff from taking the action z,,_, is at least as large as D’s expected payoff from taking the

action Tp/2_qi1-
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From this it follows that D’s expected payoff from taking the action x,/,_, is at least as large as

D’s expected payoff from taking any other action x;, with k < 7. But we know that D’s expected

payoff from taking an action x; with k& < % is the same as D’s expected payoff from taking an

Tn_pr1 With & < 3. Thus it follows that D’s expected payoff from taking the action x,/3_, is at
least as high as D’s expected payoff from taking any other action xy.

Now we have seen in the first paragraph that D’s expected payoff from taking the action x,/_,

n/2

is T‘“ Thus if A uses the strategy o"/?

n/2—a
n

, then D wins with probability no greater than ——=—. But

this means that A can guarantee that A will win with probability equal to at least 1 — nf2za _ 14
n 2 n

by using the strategy ¢™2. Thus the probability the advantaged candidate wins the election is at

1
least 3+ %
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